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ABSTRACT

The semileptonic decays of heavy baryons, Ay and €1 are treated in the framework of
a constituent quark model. Both nonrelativistic and semirelativistic Hamiltonians are used
to obtain the baryon wave functions from a fit to the spectra, and the wave functions are
expanded in both the harmonic oscillator and Sturmian bases. The latter basis leads to form
factors in which the kinematic dependence on the square of the momentum transfer (¢?) is
in the form of multipoles, and the resulting form factors fall faster as a function of ¢* in the
available kinematic ranges. As a result, decay rates obtained in the two models using the
Sturmian basis are significantly smaller than those obtained using the harmonic oscillator
basis. In the case of the A., decay rates calculated using the Sturmian basis are closer to the
experimentally reported rates. However, we find a semileptonic branching fraction for the
A, to decay to excited A* states of 11% to 19%, in contradiction with what is assumed in
available experimental analyses. Our prediction for the A, semileptonic decays is that decays
to the ground state A, provide a little less than 70% of the total semileptonic decay rate. For
the decays A, — A., the analytic form factors we obtain satisfy the relations expected from
heavy-quark effective theory at the non-recoil point, at leading and next-to-leading orders in
the heavy-quark expansion. In addition, some features of the heavy-quark limit are shown

to naturally persist as the mass of the heavy quark in the daughter baryon is decreased.

For the case of (g decays there are no experimentally determined rates. However, we
find that our analytical and numerical results for the form factors and rates of {2g decays
compare well with HQET predictions. Our results indicate a significant inelastic branching
fraction for €2, — b decays, which is about 37% in all of our models. For Q. — Z*) decays

the elastic fraction dominates (about 82%) but it does not saturate the decay.



CHAPTER 1

Introduction

Curiosity about nature sets humans apart from other creatures. Questions about the origin
of the universe, and the forces behind the formation and binding of tiny atoms to giant
stars have driven the curiosity of philosophers and scientists, and have led them to strive
for knowledge throughout the history of mankind. Among these questions, the nature of
the four fundamental forces (gravity, electromagnetic, weak and strong) has always been the
central focus of physicists.

Gravity, the weakest of all forces, is a fundamental force which acts between any pair of
material objects, and is the source of attraction between the Earth and any massive object
on the Earth. It is also the force responsible for the orbital motion of planets and stars.
While gravity works in one extreme, in the macroscopic world of very massive objects, it is
the strong force (100 times stronger than gravity) which dominates in the other extreme,
the nuclear and sub-nuclear world. The strong interaction binds protons and neutrons into
a nucleus. It is also responsible for binding quarks into protons and neutrons, and for
providing most of the mass of these objects. The positively charged nucleus and negatively
charged electrons are then combined to form a neutral atom. The force involved between
these moving charged particles is known as the electromagnetic force, 1/137 times weaker
than the strong force. The last is the weak force, which was not known until radioactivity
was discovered.

In the early twentieth century it was observed that the nuclei of certain chemical elements
were not stable, but decayed into other nuclei. It was soon discovered that a neutron inside
this kind of unstable nucleus decayed to a proton, and an electron was emitted at the same
time. This process is known as beta decay, and its description lead to the concept of weak

interactions. At present a vast number of different decays and interactions are described by



the weak interaction, which has been the focus of the attention of leading physicists from
the moment of its discovery. Some revolutionary new concepts, such as violation of some
apparently well established symmetries like parity (P), charge conjugation (C) and later on
CP, are involved in the description of the weak interactions.

Although the fundamental forces are reasonably well understood, with the exception
of the strong interaction, there still remain at least two fundamental challenges for 21
century particle and nuclear physicists. The first is the unification of all four forces and their
description in terms of a single coupling constant at some higher energy scale. So far the
Standard Model couples the strong and electroweak forces. However, it does not unify the
forces up to a single coupling constant. Extensive research has been carried out to include
gravity in the unification of forces, and string theory is one of the most popular approaches
in that direction. The second challenge is to understand the strong interaction well in the
‘soft’ region, where momenta are smaller or distances between interacting particles are large.

Neutrons and protons are not fundamental particles but are made of quarks, which are
elementary particles having fractional charge. The existence of quarks has been established
indirectly in deep inelastic scattering [1]. However, isolated quarks have never been seen,
despite much experimental effort. Quarks always bind together for example, to form a meson
(a quark with an antiquark) or a baryon (three quarks), known collectively as hadrons. The
presently accepted theory of the strong interactions is described in terms of a ‘running’
coupling constant which is small at short distances and becomes large (order of unity) at
large distances. This makes any perturbative approach to the calculation of the consequences
of QCD (Quantum Chromodynamics) at large distance impossible. Therefore much of the
phenomenology of the strong interaction and how the quarks are bound remains poorly

understood.
1.1 Standard Model

The Standard Model (SM) of particle physics describes the fundamental particles of nature
and the interactions between them. The Lagrangian of the Standard Model has the
underlying symmetry SU(3). x SU(2),, x U(1),. This means that the Lagrangian is
constructed in such a way that it is invariant under this symmetry group. The Abelian
U(1), group is associated with the quantum number y, known as weak hypercharge, which

is related to the electric charge @ by @ = t3 + y/2 where t3 is the third component of the
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weak isospin quantum number. The SU(2),, group is associated with weak isospin, and
in SU(3). the ¢ stands for the color quantum number. The SU(2), x U(1), symmetry
describes the unified weak and electromagnetic forces, and is widely known as the Glashow-
Salam-Weinberg [2] model of the electroweak interaction. The strong (color) interaction
SU(3). was incorporated later into the Standard Model to complete the description of the
three interactions. It should be noted here that three independent coupling constants are
required by the structure of the direct product group SU(3). x SU(2), x U(1),.

In this section we will focus on the electroweak interaction. The electroweak gauge group
SU(2), x U(1), requires four gauge bosons: 3 b, for SU(2) and a,, for U(1). The constituent
particles are spin-1/2 fermions (six quarks and six leptons). There is also a scalar particle
known as the Higgs. The Lagrangian density of this model can be written as the sum of

terms

L=Ly+Ls g+ Lo+ Ly s,

where L, represents the Lagrangian for the gauge fields, L£y_, describes the fermion fields
and their couplings to the gauge fields, £, is the contribution from scalar fields, and L;_,
describes the coupling between fermion and scalar fields. For brevity we will focus on those

parts of the Lagrangian that are most relevant for this project.

1.1.1 L, and the weak current

The Lagrangian density that describes the interaction between the fermions and the gauge
fields may be written as

3 /

/
Lig = > {Rhm“ (au - z’%auy) Ry; + R iy (f% + i%auy) hi
j=1

/ /

+  Lpiy* (@L + ig—auy il bu) Lpj + R gyiy* (éh + ig—auy> Ry,

2 2 2
- g 9
+ L@ji’yu <8M + Z’Eaﬂy + 257' . bﬂ) ng:| s (11)

where the index j represents the generation of the fermion family, and h and ¢ correspond
to the hadronic and leptonic part of the Lagrangian. Neutrinos only appear in a left-handed

doublet since there is no right-handed neutrino. The members of the lepton families are
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(Ve,€), (W, 1) and (v, 7). Quarks are grouped into weak isospin doublet as (u,d), (c, s) and

(t,0). The right and left-handed fermions are defined as

1 1
R, = ujR:§(1+75)uj,R;= jR=§(1+75)dja

b= (), =a0 0 ()

where u; and d; represent the gauge (weak) eigenstates of the corresponding Dirac spinors
for up and down type fermions (quarks and leptons).

To preserve the gauge invariance of the symmetry group there is no mass term for either
the fermion fields or the gauge bosons. However, SU(2),, x U(1), is not a symmetry that
occurs in nature. Within the SM, it is spontaneously broken by the Higgs mechanism [3].
The remaining symmetry is U(1)grp and consequently electrical charge is conserved. After
spontaneous symmetry breaking (SSB), the four gauge bosons are coupled to give three
massive vector bosons (W, W and Z)) and a massless vector boson, the photon (4,),
for the U(1)grp symmetry. The scalar field also acquires a mass, and becomes the Higgs
particle. The other very important aspect of SSB is that it makes the fermion fields massive.
Without going into the details of the procedure, we mention here that under SSB the original
scalar field in the L£y_ of the Lagrangian density is shifted. As a consequence the gauge
eigenstates of fermion fields transform into mass eigenstates with a finite mass for all the
quarks and down type leptons. The neutrino remains massless because it has no right-handed

component.

After SSB, the hadronic charged current of £;_, has the form

peharaed _ —% [Vi@n™(1 = 55)d, W +H.C (1.2)

where H.C. denotes the Hermitian conjugate and V is the Cabibbo-Kobayashi-Maskawa
(CKM) [1] matrix. This matrix appears in the hadronic current due to the transformation
of quark fields from the gauge eigenstates (unprimed) to the mass eigenstates (primed). The
values of the CKM matrix elements are of prime interest, and we discuss their current values
and the ways in which they are extracted in the next section.

The coupling constant g is related to the Fermi coupling constant, G, (which describes

the four-point coupling of the weak interaction) by

8
9* = —=Grmjy,
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where my, is the W-boson mass. The leptonic charged current has a form that is very
similar to that of the hadronic current but without the CKM matrix elements. However,
recent experimental discoveries of neutrino oscillation indicate that neutrinos might have
tiny masses. If that is the case, the leptonic sector of the SM will have to be modified and
a similar mixing matrix will be present in the model. Extensive research is being carried
out to incorporate neutrino masses into the SM, and to determine whether the neutrinos are
Dirac or Majorana spinors. In the present work we will ignore the tiny mass of neutrinos and
use the well-established form of the leptonic current without the mixing matrix elements for

neutrinos.

1.1.2 The CKM matrix

The CKM matrix is a quark mixing matrix and for the case of three families of quarks, it is
a 3 X 3 unitary matrix. To see the matrix explicitly we write the hadronic current in matrix

form as

Vud vus Vub d/
J(l; = ( u 7 %l )L Y Vea Ves Va s’ )
Via Vis Va v

L

The diagonal matrix elements are the largest, and correspond to mixing within the same
family. Mixing becomes smaller as we move away from the diagonal elements, and the
mixings between the first and third families, such as V;, are the smallest.

There are several parametrizations available for this matrix, including the original CKM
parametrization. The matrix is described by four independent parameters, namely three
mixing angles and a complex phase, as required for a 3 x 3 unitary matrix. A non-vanishing
value for the complex phase implies CP violation within the SM.

It is very important to determine the values of the CKM matrix elements with high
precision. Uncertainties in these parameters reduce the predictive power of the SM and our
ability to test it. Semileptonic decays have been the main means of measuring these matrix
elements. Both theoretical and experimental expertise are essential for precise extraction of

the matrix elements. Their current absolute magnitudes and uncertainties as described in

the Review of Particle Properties [5] are

0.974 ~ 0975 0.221 ~ 0.227 0.003 ~ 0.0045
Verm = | 0.221 ~0.227 0.973 ~ 0.974 0.039 ~ 0.044 (1.3)
0.005 ~ 0.014 0.039 ~ 0.43 0.999 ~ 0.9992



Not all the values of the matrix elements presented are extracted by direct experiments, as
unitarity of the CKM matrix has been used to obtain the tightest bounds on some of the

elements. Our present knowledge of the matrix elements comes from the following sources|’]:

1. |Via|: The analysis of nuclear beta decay has been used to extract a value for |V,

and the current world average is
|Via| = 0.9738 + 0.0005.

The theoretical uncertainties in extracting a value for |V,4| from neutron beta decay
are significantly smaller than for decays of mirror nuclei, but the value depends on

both the value of g4/gy and the neutron lifetime.
2. |Vus|: The original analysis of K.3 decays yields

|Vis| = 0.2196 4 0.0023.

The notation K3 refers to the decay of a kaon semileptonically to a pion, an electron,
and a neutrino, with a total of three particles in the final state.

%¢T1,) decays can

The values of |V,,| extracted from two K.3 (K9 — n¥eFv,, KT — 7
be brought into agreement at the 1% level of accuracy. A new measurement of the K+
semileptonic branching ratio indicates a higher value for this quantity. The PDG [7]

average of the new results with the older one is

|Vis| = 0.220 £ 0.0026.

3. |Vea|: The value of |V4| can be extracted from neutrino and antineutrino production
of charmed quarks off valence ‘d” quarks. The dimuon production cross sections of the
CDHS group [0] yield B.|V.4|* = (0.41 £ 0.07) x 1072, where B, is the semileptonic
branching fraction of the charmed hadron produced. A more recent value from the
CCFR collaboration at FNAL [7] is B.|V.|> = (0.534 + 0.046) x 1072. Averaging
these two results and supplementing this data with measurements of the semileptonic

branching fraction of the charmed meson to give B, = 0.0923 + 0.0073 yields

[Vea| = 0.224 + 0.012.



4. |V.s|: Neutrino production of charm and semileptonic D decays were used to obtain
values for |Vs|. Recently these values have been superseded by direct measurements [3]
of |Vs| in charmed W decays that give |V.s| = 0.97 £ 0.09(stat) £ 0.07(syst). The

constraint of unitarity gives a much tighter bound.

5. |V|: HQET [9, 10] provides a nearly model-independent description of the B meson
decaying semileptonically to charmed mesons. Measurements of the exclusive decay
B — 57*1@ have been used to extract a value of |V,|. Analysis of inclusive
semileptonic bottom hadron decays is also used to extract a value of this matrix
element. A more detailed discussion can be found in the Review of Particle Physics [11].

The average of exclusive and inclusive results gives

V| = 0.041 £ 0.015.

6. |Vip|: In the semileptonic decays of B mesons the decays b — ufwv, can be observed
by measuring the lepton energy spectrum above the endpoint of the bottom to charm
decay spectrum. The interpretation of this inclusive b — uf~7, decay in terms of |V,;|
depends fairly strongly on the theoretical model used to generate the lepton energy
spectrum. At LEP, the separation between u-like and c-like decays is based on up
to twenty different event parameters, and it requires a detailed understanding of the
decay b — clv,. Exclusive semileptonic decays, such as, B — 7w/, can also be used to
extract a value for |V,,|, but there is an associated model dependence in the values of

the hadronic matrix elements of the weak current [12].

The average of the inclusive and exclusive result of |V,;|, in which the uncertainties are

dominated by theoretical uncertainties, is

V| = (3.67 £0.47) x 107°.

7. |Vip|: The discovery of the top quark by the CDF and DO collaborations utilized in
part the semileptonic decays of ¢ to b. The CDF experiment has published a limit on
the fraction t — bl* vy, of [13]

Vi |?

= (0.9479:31
[Vial? + |Vis|? + Vi |2 0-24




The above discussion clarifies the pivotal role of semileptonic decay processes in the
extraction of the CKM matrix elements. We also note that in some matrix elements the
current uncertainties are still large, so there remains the necessity of improvement in both
the experimental and theoretical sectors. In later sections, we will discuss the complementary

role that baryon semileptonic decays can play in the extraction of CKM matrix elements.

1.2 Quark model and QCD

1.2.1 The Origins of the Quark Model

From a historical perspective, quarks were proposed as the fundamental constituents of
hadrons and were discovered before QCD, the gauge theory that describes the interaction
between quarks and the way they are bound inside a hadron. The large number of newly
discovered particles in the 1950’s gave rise to the necessity of a classification scheme. One
of the most successful proposals was the ‘Eight-fold Way’ proposed by Gell-Mann and
Ne’eman [14] which was based on the flavor group SU(3);. This classification scheme
grouped the hadrons into representation of this symmetry group. Mesons were described
in the singlet and octet representations and baryons fit into an octet and decuplet. The
most notable achievement of this symmetry scheme was the successful prediction of the 2~
baryon to complete the baryon decuplet.

The success of this model soon led Zweig [15] and Gell-Mann [16] to propose a quark
model for the underlying structure of hadrons. In 1964 they both independently proposed
that hadrons are made up of constituents, Zweig named them ‘aces’ while Gell-Mann called
them ‘quarks’. These constituents, quarks, are spin—% objects with fractional charge. Quarks
in this model are in the fundamental representation of SU(3)s, denoted by 3, and come in
three flavors, up (u), down (d) and strange (s). The meson and baryon groupings are
now seen as being built up by direct products of 3 and its conjugate 3 (representing the

antiquarks),

3x3 = 188,
3x3x3 = 18484 10.



This quark model was also extended to an SU(6) symmetry assuming that the strong
interactions are not only flavor independent but also independent of quark spin. Then
quarks are grouped in a 6 of SU(6) and baryons appear in SU(6) supermultiplets made up
of 6 X 6 x 6.

However, despite all of its successes, this naive constituent quark model does not provide
an explanation of why quarks only appeared in states like gg and qqq but not, for example,

in the gq state.

1.2.2 Color and QCD

The concept of color was first introduced to explain the required symmetry property of
certain baryons, particularly the At (1232). In the naive quark model, the ground state
AT consists of three u quarks with a spin and parity of J© = 3/27. When combined with an
orbital angular momentum zero, exchange symmetric, spatial wave function, the result is a
state completely symmetric under the exchange of any pair of quarks. This violates the spin-
statistic theorem, or generalized Pauli principle, since quarks are fermions. As a solution to
this problem Greenberg [17], Nambu and Han [I8] proposed that quarks had an additional
internal degree of freedom, which was later called color. A quark can have one of three
different colors, usually denoted red, green and blue, and it transforms as the fundamental
representation 3 of the group SU(3) of color. The spin-statistics problem was resolved by
assuming an anti-symmetric color wave function for the baryon. This color symmetry group
could also be used to explain the lack of quark states other than ¢g and qqq, by postulating
that only color singlet (antisymmetric) states of quarks are present in nature. The color
concept was also successful in explaining other phenomena known at the time. For example
the factor of nine discrepancy between theory and experiment in the electromagnetic decay

O — ~7v, was resolved by taking into account the three colors of quarks [19].

of the pion, 7

The success of the color hypothesis was the beginning of the idea that there was a
color-dependent force between the quarks which bind them together to form a hadron. A
Lagrangian which is locally invariant under the non-Abelian symmetry group SU(3). was
proposed to describe the strong interaction. The strong interaction could then be put in
the same framework as the electroweak interaction by extending the GSW model of the
symmetry group SU(2), x U(1), to include the SU(3). group as another direct product.

As mentioned before, the extended Standard Model is described by a Lagrangian invariant



under the gauge symmetry group SU(3). x SU(2),, x U(1), .

The theory of the color-dependent strong force between quarks is known as Quantum
Chromodynamics (QCD), in analogy with Quantum Electrodynamics (which describes the
charge dependent electromagnetic force). The forces between the colored quarks are mediated
by eight massless vector bosons known as gluons, one for each generator of the SU(3),. gauge

group. The QCD Lagrangian density for quark of mass m is of the form
_ 1,
‘CQC'D = ¢<27M‘DN o m)w - Z(Fuu)27 (14)

where

Ai

2 )

Fi, = 0,AL—0,Al + g, f7*AI AL

D, = QL—@'QSAL

The ); are the three dimensional Gell-Mann representation of the generators and f“* are the
structure constants of SU(3).. The AL are the gauge fields for gluons, and g; is the strong
coupling constant. We note here that when Lgcp is embedded in the SM there is no mass
term in the Lagrangian, and quark masses are generated by SSB within the SM.

In the renormalized theory of QED the coupling (a = e2/47) is replaced by an running
coupling constant a(Q?), which gives the Q? dependence of the renormalized vertex function.
The contributions to this vertex function come from all possible vacuum polarization graphs
which describe the charged lepton loop corrections to the photon propagator. The effective

coupling constant of QED is of the form

@) - —ai (1.5

where p? is the renormalization point. The important point to note about this coupling
constant is that it increases with Q2.

In QCD the analogous calculation is complicated by gluon self couplings. However, the
leading logarithm contribution to the effective quark-gluon vertex can be summed to all
orders in g;. The renormalization group analysis for QCD leads to

as(p?)
as<Q2) = )
1+ 28211 — 2/3N,) In(%5)

for the running coupling constant for QCD. After some manipulations this can be written

in terms of a parameter with the dimension of energy, called Agcp
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o 127
(@) = (33 — 2Np) In(£ &)’ (1.6)

QCD

where, Ny is the number of quark flavors with masses below \/@ . If Agep is known, then
QCD is entirely defined by Egs. (1.4) and (1.6). The value for Agep obtained by measuring
a, and Q? is between 100 and 400 MeV.

For N; < 16 we see from Eq. (1.6) that at large Q* or at short distances the effective
quark gluon coupling goes to zero. This property of QCD is known as ‘asymptotic freedom’
and was first proposed in 1973 by Gross, Wilczek [20] and Politzer [21]. As recognition for
this revolutionary work they received the Nobel Prize in 2004. At short distances or at high
@Q* quarks behave like free particles. However as Q* — 0, for Q* of the order of A.p, the
effective coupling constant, a; is no longer small and a perturbative picture breaks down.
We also note that quarks are bound within hadrons, as the coupling increases with distance.
The failure of perturbative approach at the hadronic scale and the limited success of non-
perturbative techniques has made it difficult for us to arrive at an understanding of the
confinement of quarks from first principles. It is one of the outstanding problems of modern

theoretical physics that this non-perturbative property of QCD has not yet been established.

1.2.3 The Constituent Quark Model and the Baryon Spectrum

In 1964 Dalitz and Greenberg [22] and their collaborators used a Breit-Fermi type potential
model to calculate the masses of non-strange negative parity baryons. A different approach
where the strengths of the potential terms were described by the non-relativistic reduction
of one-gluon exchange amplitude, was taken by de Rujula, Georgi and Glashow [23]and the
MIT group. Isgur and Karl [24, 25] put the two approaches to baryon spectroscopy together.
In their model for the low-lying negative-parity baryons they solved a three body problem
in a harmonic long-range confining potential, with a one-gluon exchange potential at short
range. Both the contact and tensor parts of the spin dependent forces were included, but in
contrast to the model by Dalitz and Greenberg, the spin-orbit potential was left out in the
[sgur-Karl model.

This model was quite successful in predicting the low-lying negative-parity baryon masses.
It verified that the short distance behavior of quarks in baryons is dominated by one-gluon-

exchange effects, and established that the confining potential between a pair of quarks is
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independent of quark masses. However, it did not explain the reasons for the importance
of the contact force, nor did it explain the reason for the negligible spin-orbit force. A
partial explanation to the second concern was given by Isgur and Karl [24, 25], along with
other authors [26] by noting that the source of spin-orbit coupling was not only the one-gluon
exchange but it could also arise from the Thomas precession of the quark spins in a confining
potential. They showed that these two contributions came with opposite signs and result in
an almost complete cancellation of the spin-orbit terms.

Isgur and Karl [27] then extended their analysis to the low-lying positive-parity baryons.
In their analysis they introduced non-harmonic potential terms to correspond to the expected
Coulomb plus linear nature of confinement. This model showed an impressive agreement for
the masses of a large number of ground and excited baryon states. Their work has been
extended to include the spectroscopy of other baryons such as the strange and charmed
baryons, missing resonances etc., in many subsequent papers [28]. However, there are several
shortcomings in the Isgur-Karl model, such as different parameter sets were used for negative
and positive-parity excited states, a large value for the coupling a, was required to fit the
contact interaction, etc. The Isgur-Karl model was improved by Capstick and Isgur [29]. A
few successes of the Capstick and Isgur model are that it used a single set of parameters for
all baryon states, the model was expanded in a large harmonic oscillator basis, and it had a
smaller value for a.

In our project we use a model which is very similar to the model to the Capstick and
Isgur, but with a few simplifications, to obtain the baryon spectrum. We discuss our model

in Section 3.3.
1.3 Semileptonic Decay

Semileptonic decays have been of interest to the physics community ever since neutron beta
decay was first observed. This particular type of weak decay process played a crucial role in
the development of our understanding of particle physics. The massless and neutral neutrinos
were first predicted by Pauli [30] to describe the end point energy-momentum spectrum of
the electron in the beta decay. Neutrinos were discovered later [31] and have continued to
receive a lot of attention from particle-, nuclear- and astro-physicists.

Semileptonic decay is a flavor changing weak decay process which involves the CKM

matrix elements. These matrix elements have not been determined with the precision
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necessary for a detailed testing of the SM. Very precise knowledge of these matrix elements is
important as they play a crucial role in the search for answers to some fundamental questions,
such as the nature of C'P violation and the unitarity of the CKM matrix. Semileptonic decays
of hadrons have been, and will continue to be, the main source of information on the CKM
matrix elements. The precision with which the CKM matrix elements are extracted from
these semileptonic decays is strongly dependent on how well the form factors that describe
the matrix elements of the hadronic currents are known. The vast literature on these form
factors is a testament to the importance of these parameters.

In addition to their importance for the extraction of CKM matrix elements, semileptonic
decays can provide information that will increase our understanding of the structure of
hadrons in the non-perturbative region. Furthermore, knowledge of the semileptonic decay
of hadrons has impacts on other decay modes of the same hadron. As an example, knowledge
of the branching fraction for the semileptonic decay A. — A*ev, is necessary to normalize
all other decay modes of A, [32].

In semileptonic decays a hadron decays weakly into another hadron with the emission
of a lepton and a neutrino, and a detailed understanding of these processes necessitates an
understanding of the interesting interplay between the weak and the strong interactions. A
Feynman diagram representing the semileptonic decay of a baryon By made up of quarks
¢1¢2Q into a baryon B, with quarks ¢;g2¢ is shown in Figure 1.1.

The transition matrix element for this decay is

T — @%QJ#LM’

V2

where J, = qy,(1 — 75)Q is the flavor changing hadronic current and L* = ¢y#(1 — 73)v, is
the leptonic current. We know that isolated quarks have never been found, so it is necessary
to take the matrix element of the hadronic current between the initial and final baryons,Bg

and B, respectively. Thus, we are interested in

Hu = <Bq |CTY;¢ (1 - '75) Q| BQ> = <Bq |Vu - Au| BQ> )

where V, = gv,0Q and A, = §v,75Q, are the vector and the axial vector weak current
respectively. The leptonic current of the semileptonic decay can be calculated from first

principles of Quantum mechanics but the hadronic matrix element, H,, is not. Several
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Figure 1.1: Baryon semileptonic decay: Bg — Bglv,.

models and approximation schemes have been used to describe the hadronic matrix element
in semileptonic decay, but so far no first principles calculation has been carried out.

The hadronic matrix element of a semileptonic decay process cannot be calculated from
first principles because of the non-perturbative nature of QCD. However, the matrix element
of the vector current, V,, must be a vector, and can only be expressed in terms of the
initial and final hadron momenta and ~, for baryon decay. It is usually expressed in terms
of unknown Lorentz invariant form factors. For example, the matrix element of V, for
transitions between ground state (J© = 1/2%) baryons is written as

By, Vil Ao, s)) = (o) (ﬂ(q% + B2 F3<q2>ni—’;) u(p,s),

where the F; are known as the vector form factors for baryons, p(p) and s(s’) are the
momentum and spin of the initial (final) baryon, and ¢* = (p—p')? is the momentum transfer
squared between the initial and final baryon. The matrix element of the axial-vector current,
A, can be expressed in terms of axial-vector form factors in a similar manner.

The discussion of semileptonic decay of baryons will be extended in later sections of this
chapter. In the next section we will give a brief overview of heavy quark effective theory

(HQET) which has important implications for semileptonic decays of heavy hadrons.
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1.4 Heavy Quark Effective Theory

The strong interactions of hadrons containing a heavy quark are easier to understand than
those of hadrons containing only light quarks. This is because the presence of the heavy
quark in a hadron leads to two additional symmetries. These two symmetries are the heavy
quark flavor symmetry, and the heavy-quark spin symmetry. It is important to emphasize
that these are not symmetries of the Lagrangian of QCD, but rather symmetries of an
effective theory which is a good approximation to QCD in a certain kinematic region. These
heavy quark symmetries were first pointed out by Isgur and Wise [9].

The heavy quark symmetries have a close analog in the familiar properties of atoms. To
a good approximation the electronic wave functions of atoms are independent of the mass
of the nucleus, meaning that different isotopes of the same nuclei have the same chemical
properties. In addition the hyperfine levels in atoms are nearly degenerate, indicating that
these levels are largely independent of the spin of the atomic nucleus. In hadronic systems
containing a heavy quark, similar things happen.

When the mass of a quark @), mg, is much larger than the QCD scale, m¢g > Agcep,
the quark ) can be thought of as a heavy quark. This heavy quark is surrounded by a
complicated, strongly interacting cloud of light quarks, antiquarks and gluons, sometimes
termed the ‘brown muck’. As mg — oo, the heavy quark and the hadron that contains it
have the same velocity: in the hadron’s rest frame the heavy quark is also at rest. In this
limit two new symmetries beyond those usually associated with QCD arise. These are the
flavor symmetry and the spin symmetry of the heavy quark mentioned earlier.

In a heavy hadron the spin of the heavy quark and that of the light quark system decouple,
so that the light quark system is blind to the spin orientation of the heavy quark. The
spectrum of the hadron is determined largely by the light degrees of freedom, and is largely
independent of the heavy quark spin. This phenomenon constitutes the spin symmetry of
the heavy quark. One consequence of this is the existence of nearly-degenerate multiplets of
states. For example, in a baryon comprised of a light diquark and a heavy quark, if the light
diquark has spin one, then the spin symmetry implies that there are two degenerate states,
one with J = 1/2 and the other with J = 3/2. The analogous observation in an atomic
system is that the hydrogen spectrum is largely independent of the spin of the proton.

The other important symmetry of the heavy quark is the flavor symmetry. The spectra
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of heavy hadrons are independent of the flavor of the heavy quark contained in the hadron.
This means that the spectrum of, say A, baryons containing a bottom quark will be similar
to that of A, baryons that contain a charm quark. For a particular excited state, we expect
Mpy; — My, = Mpx — My, in the limit of infinitely heavy b and ¢ quarks. Here A. and A,
are the ground state baryons, A’ denotes an excited charmed baryon, and A} denotes its
b-flavored analog. This flavor symmetry would allow us to predict the spectrum of excited

b-hadrons, if the corresponding spectrum of excited charmed hadrons is known.
1.5 HQET and Semileptonic Decays

The heavy quark symmetries discussed in the last section have important consequences for
the description of strong interactions, including the hadronic currents that contribute to
semileptonic decays. Even though these extra symmetries do not allow us to explicitly
deduce the detailed structure of hadronic systems, they provide important relations among
and constraints on the properties of heavy hadrons. The description of these symmetries
has been formalized into the heavy quark effective theory (HQET). This effective theory
provides a framework within which calculations of matrix elements for different phenomena
can be carried out in a systematic expansion in 1/mg.

Weak decays of hadrons involving one or more heavy quarks (mg >> Agep) have an
additional symmetry in the effective Lagrangian which was first pointed out by Isgur and
Wise [9]. There, they used the additional heavy quark symmetry to obtain normalized,
model-independent predictions for all the form factors for the decays of heavy hadrons to
daughter hadrons that are also heavy. This led to many subsequent calculations by many
authors.

For the hadronic matrix elements of the electroweak currents between two heavy mesons,
the application of HQET provides a number of features that simplify the extraction of CKM
matrix elements from such decays. First, the number of form factors is reduced, so that the
six form factors that describe the decays of heavy pseudoscalar mesons to heavy pseudoscalar
and vector mesons are replaced by a single form factor, at leading order in HQET. This form
factor has become known as the Isgur-Wise function. Second, the absolute normalization
of this form factor at the so-called non-recoil point is known. Third, corrections to this
normalization do not arise at order 1/mg in the heavy quark expansion, but at order 1/ m2Q.

This is known as Luke’s Theorem [10], and is an analog of the Ademollo-Gatto theorem [33].
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This means that some predictions made at leading order are more robust than might be
expected. Finally, the corrections that do arise can be estimated systematically in the heavy
quark expansion. As a result, HQET has become the tool of choice in the extraction of
[Ves! [11].

For the semileptonic decays of a heavy meson to a light meson, the predictions of HQET
are not quite as powerful: there is no reduction in the number of form factors needed to
describe the decay, nor are the normalizations of any of the form factors known. However,
the heavy quark symmetry, along with SU(2) or SU(3) flavor symmetry for the light mesons,
can be used to relate the form factors for D — 7 and D — p decays, for instance, to those
for B — 7w and B — p decays, respectively. Thus, even though it is not as predictive in the
decays of heavy to light mesons, there is still a great deal of reliance on HQET for extracting
Vi from meson decays.

For the semileptonic decays of a heavy baryon to another heavy baryon, HQET makes
predictions that are completely analogous to those made for heavy-to-heavy meson decays:
(i) the six form factors that describe the decays to the ground-state heavy baryons are
replaced by fewer form factors, also called Isgur-Wise functions; (ii) the normalization of at
least one of the Isgur-Wise function is known at the non-recoil point; (iii) corrections to this
normalization first appear at order 1/ mé; (iv) corrections can be systematically estimated
in a 1/mg expansion. Note that in the case of baryons, the number of Isgur-Wise functions
needed at leading order depends on the flavor-spin structure of the parent and daughter
baryons.

In the case of a heavy baryon decaying to a light baryon, HQET makes predictions that
are not as powerful as in the heavy-to-heavy case, but which are significantly more powerful
than for the heavy-to-light transitions of mesons. Among the baryons, the leading-order
prediction is that the number of independent form factors decreases from six to two in the
case of Ag decays, or four in the case of )y decays. In addition, as with mesons, the heavy
quark symmetry can be used to relate the form factors for the decay A — n to those
for A, — p, for instance. This, in principle, could facilitate the extraction of V,;, from
semileptonic decays of the Ay, and since the number of unknown form factors is reduced
from six to two, the theoretical uncertainty in the extraction from these decays should be
significantly smaller than extractions from meson decays.

While HQET has been tremendously successful and useful in treating semileptonic decays
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of heavy hadrons, it is not without its limitations. It is a limit of QCD that applies only
to hadrons containing heavy quarks. For the decays of such hadrons, it only predicts the
relationships among form factors, not their kinematic dependence; ansatze, models of one
kind or another, or lattice simulations, are still needed for this. In addition, the predictions
of HQET are valid only as long as the energy of the daughter hadron is not comparable to
the mass of the heavy quark. For heavy to heavy decays, this means that the predictions are
valid for all of the available phase space, but for heavy to light decays, such as B — m, a large
portion of the available phase space is beyond the region of reliable applicability of HQET.
These limitations mean that the predictions of HQET must be complemented /supplemented

by information arising from other approaches to hadron structure.
1.6 Existing Models of Semileptonic Decay

The semileptonic decays of heavy mesons have been studied extensively in the last two
decades. Wirbel, Stech and Bauer [34, 35] assumed monopole type form factors for the
decays of heavy mesons. In Ref. [30, 37], a non-relativistic quark model (NRQM) was used
to treat the semileptonic decays of B and D mesons, and relatively simple forms for the
form factors were presented. The first of those articles, along with the work of Shifman
and Voloshin [38], ultimately lead to the development of the heavy quark effective theory
(HQET). In addition, Ivanov and Santorelli [39] used a relativistic quark model to find the
form factors. These are just a very few of the very large number of articles that treat
semileptonic decays of mesons in some kind of model.

While some work has been done in modeling the form factors for the semileptonic decays
of heavy baryons, to the best of our knowledge little has been done in treating the decays
to excited baryons. Predictions for the number of independent form factors for decays to
excited states have been made in the framework of HQET [10], and Leibovich and Stewart /1]
have examined the form factors for decays to the 1/2~ and 3/2~ [l, states, using large N.
arguments. In the semileptonic decays of B mesons to those with charm, it is known that
BY decays to the ground state pseudoscalar and vector mesons provide only about 75% of
the total semileptonic decay rate, while for the B*, the corresponding fraction is about
85%. Any assumption that decay of a heavy baryon to the ground state will saturate the
semileptonic decay rate is therefore subject to potentially large corrections.

In some of the work done in this area, the predictions of HQET, along with various ansétze
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for the form factors, have been used to estimate some decay rates. Leibovich and Stewart [11]
follow such a procedure to estimate the rates for decays of the Ay to the J& = 1/27 and 3/2~
A, states. Polarization effects in semileptonic A, and A. decays have been studied by Koérner
and Kramer [12], using the predictions of HQET to estimate the dominant form factors for
both b — ¢ and ¢ — s transitions. They have also calculated the asymmetry parameters
that characterize the angular dependence of the decay distributions.

A number of authors have constructed explicit quark models of the form factors for the
decays of Ay baryons to ground state baryons. The decays of A, and €2, have been treated
by Singleton using a spectator quark model [13]. He also discusses the polarization of the
W boson and the daughter baryon in these processes. Albertus et al. [11] use a NRQM to
evaluate the form factors for A, — A., explicitly applying heavy quark symmetry to their
trial wave functions. To date, there appear to be only two lattice studies of the semileptonic
decays of heavy baryons. A first study of A, and =, semileptonic decays was made by
Bowler et al. [15], while Gottlieb and Tamhankar [16] have examined the decay of the A,.
Pérez-Marcial and collaborators [17] have studied the semileptonic decays of a number of
charmed baryons, both in a non-relativistic quark model and in the MIT bag model. There
have been light-front calculations [15], as well as ones using sum rules [19], Bethe-Salpeter
formalisms [50], bag models [71], and quark model calculations [52]. Large N. arguments
have also been applied to these form factors [53], as well as perturbative QCD arguments
[54]. For the decays of a heavy baryon to a light one, work has been done using QCD sum
rules [55], and there’s one quark model calculation [50] apart from the work of Scora [57], to

the best of our knowledge. For the decays of {1 baryons, the literature is very scant [5].

1.6.1 Experimental Status of Heavy Baryon Semileptonic Decays

The experimental status of heavy baryon semileptonic decays is somewhat rudimentary.
The semileptonic decay rate for A. — A has been measured by the CLEO and Argus
collaborations [59, 60], while the Delphi collaboration has only recently published an analysis
of the exclusive semileptonic decay of the A, [61]. Prior to this, only the inclusive semileptonic
branching fraction A, — AvX had been reported in the PDG [5]. In their analysis of the
A, — A semileptonic decay, the CLEO collaboration have assumed that the ground state A
saturates the semileptonic decays of the A., and cite the absence of any final states of the

form Alv with additional decay products from the A. to support their assumption [60]. No
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experiments have yet reported results for the decay A, — n, while €2, semileptonic decays
have been reported as ‘seen’.

The major difficulty in the baryon sector is that there is no source of heavy baryons as
there is for mesons. Electron-positron colliders have produced billions of B mesons, utilizing
the fact that the Y(4s) is just above the BB threshold. In principle, a similar abundance
can be duplicated among D mesons, by using the ¥(3s). With baryons, production at such
machines will be continuum production, as there are no (known) resonances to enhance the
rate of production. Hadron colliders can provide larger yields, but they provide large yields
of everything, and the heavy baryons will then have to be separated from everything else
that is produced. However, the recent CLEO measurement suggests that some optimism
regarding the future measurement of these decays might be warranted. In addition, there
might be prospects for such studies at Jefferson Laboratory upgraded to 12 GeV or higher,
or at E907 at FNAL. The advantage in these cases is that the target will be a baryon, unlike

the continuum production of ete™ machines.
1.7 Motivation

In this dissertation we study the semileptonic decay of two types of heavy baryons, namely
Ag and Q. Our first motivation is the importance of the CKM matrix elements V,,; and
V., and the fact that baryon semileptonic decays can provide complementary extractions
of these quantities, despite the difficulties mentioned above. In particular, a model such as
ours, coupled with constraints provided by HQET, may lead to a more precise extraction of
V. than provided by meson decays.

Our second motivation is to examine the predictions for these decays of a quark model
developed very much in the spirit of the work by Capstick and Isgur [29], which builds on
the work of Isgur and Karl [24, 25]. Such a model has been applied, with some success,
to the strong [62] and electromagnetic [63, 6] couplings of baryons, and the semileptonic
decays of baryons is a useful complementary extension of such a model.Indeed, a similar
model, applied to the semileptonic decays of mesons [30], gave rise to HQET. We note that
the thesis of Scora [57] treats a number of baryon semileptonic decays in a framework very
similar to that used in the treatment of mesons in [36]. We use a similar framework, but we
extend the model to examine the decays to excited baryons, whereas Scora [57] examined

only decays to ground state baryons. We also use a more sophisticated treatment of baryon
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structure.

The dissertation is organized as follows: in Chapter II we discuss the hadronic matrix ele-
ments and decay rates, and provide a brief outline of HQET predictions for the relationships
between semileptonic form factors as they relate to the decays that we discuss. In Chapter III
we describe the model we use to obtain the form factors, including some description of the
Hamiltonian. We also discuss briefly the procedure to obtain the form factors analytically
within the quark models we use for various decay modes. The comparison of our analytic
results with HQET predictions are discussed in Chapter IV. Our numerical results, including
the parameters of the quark model, the values of some of the form factors at the non-recoil
point, predictions for the semileptonic decay rates and estimates of branching fractions,
as well as comparisons with experimental results where available, are given in Chapter V.
Chapter VI presents our conclusions and outlook. A number of details of the calculation,

including the explicit expressions for the form factors, are shown in a number of Appendices.
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CHAPTER 2

Matrix Elements, Decay rates and HQET

2.1 Matrix Elements

The transition matrix element for semileptonic decay of any baryon B, (Bg — B,{v,) where
B can be either a Ag or Qg and B, can be a A, a nucleon, an ,, or a =, is

Gr

T = Vg (1 =35 )u (By(#' )1, Balp, ), (2.1)

where Gr/v2 = g%/(8M2,) is the Fermi coupling constant, My, is the intermediate vector
boson mass, Vg, is the CKM matrix element, and wy*(1 — v5)u,, is the lepton current.
Since quarks are confined, the matrix element of the hadron current is described in terms
of a number of form factors. We will build a model of the baryons we wish to study, and
obtain approximations to the form factors that describe the hadronic matrix elements.

For transitions between ground state (J¥ = 1/27) baryons, the hadronic matrix elements

of the vector and axial currents are
/

(B, Vil oo ) =00, (Fla? e+ Ful@) -2+ ()2 Y i), (22

Bq mp,

/

(B0 )1 Bolp. ) = 5 )  GalaP) + Gl ) 2+ Gl ) 22 ) (), 29

Bg By

where the F; and G; are form factors which depend on the square of the momentum transfer
g = p—p' between the initial and the final baryons. Similarly, the matrix elements for decays

to a daughter baryon with J¥ = 3/2~ are

. Pa p v,
(B2, $)Vul Ba(p. 5)) = a (0, &) [ (FerFQ L ) + Figoy | u(p.5),
’ITLBQ TTLBQ mBg/Q
3/2(,0 N[ A ol DPa Pu p;L
(B0, $)|AulBo(p, s)) = a”(p', s) Gy, + G + Gi + Gagop | V5u(p, 5)-
mBQ mBQ mBg/2
(2.4)
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The spinor u*(p/, s') satisfies the conditions
PoTi®(p,8) =0, @ (p, s )va =0, TP, ) = mgspu®(p', ).

The corresponding matrix elements for decay to a baryon with JZ = 5/2% are

B5/2 /! V. IB — —afB (. ./ Pa Dg I I pu
(B0 Vil Balp.s)) = w0 o) 2 | 2 (B 1

/

p
+F3—- )+F496u
mB5/2
q

u(p, s),

/ / —QY / ! pa p
@?@ﬁWM%@ﬁ>ZUW%M——{6<Qw+®p”

Mmp, LMBg MpBg
p/

+G3—+ )+G49ﬁu Ysu(p, 5),
mBg/z

where the spinor 7/ (p’, s') is symmetric in the indices o and 3, and satisfies

P’ (p,s) = pu(p,s) =0,
ﬂaﬁ(ﬂa 3/)704 = ﬂaﬁ(ﬂ? S/)f}/ﬁ =0,
’(

ﬂaﬁ<p/78/)¢/ — mBg/Zﬂa p/,sl),

Eaﬁ(p/78/)gaﬁ = 0.

(2.5)

(2.6)

Here we have only presented the form factor equations involving spinors having natural

parity. The equations for unnatural parity spinors can be constructed in a similar manner

by switching v5 from the equations defining the G; to the equations defining the Fj.

2.2 Decay Rates

The decay rate that arises from any of these matrix elements is

1 G2 d3p
| 2 T8 Y H (21)46@® (pay —

where A refers to the initial hadron. The leptonic tensor L*” is

L =" LVL* =8l + vl — 9" De - puy + i€ Drapuyg)-

spin
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The hadronic tensor H,, is

Hu =) (BolJi|By){BqlJul Ba), (2.9)

spin
where Bg and B, refer to the initial and final baryons, respectively. The tensor H,, must

have the Lorentz structure

Hy = —agu + B0+ D)0+ 0w + Br-(p+0)ulp — 1)
+ Beilp=0)ulp+ )y + B——(p = P)ulp — 9
+ e+ 1) (0 =),
where the coefficients «, (., etc., are expressed in terms of the form factors that describe

the hadronic matrix element H,,. The complete expression for the differential decay rate is

dQF ‘VQ |2G2 m5
= — % [aC + B4 Cpas + BiCoy + Br—Cpe + B-—_Cy_ +7C,],

drdy 6473
(2.10)
where
2 m?2
Ca = 2 (y - 26 ) )
2 m? my %q
Cs,, = 8[$(2xm+y)—2x —y/Q]—mQB 2 — 7 —8x+ 3y |,
Q Q Q
2 m2
Cg + = CB+7 = 24 [4(1’ xm> Yy — mZZ ] 5
Bq Bq
m?2 m?2
Cs_ = 25 (y_ 22 )7
mp, mp,
2
C, = F2 |2z, —4dz+y+ —— 2z, +y)| . (2.11)
Bg

In these expressions, = Ey/mp,, where Ey is the lepton energy, x,, = (my,—mj, )/(2m3,),

and y = ¢*/m%, = (p — p')*/m%,. The F sign in C, is determined by the charge of the
lepton, with the upper (negative) sign corresponding to decays to fvy. The lepton energy
has the range

_ 2 2 2 2
Ry 2y ety () M) cpc By 2y 2oty () a
2y mp, 4y mp, 2y My, 4y mp,
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with K = $[(2z,, — y)? — 4m2Bq/m2BQ]1/2, and y has the kinematic range m?/szQ <y <

(mp, — mBq)Q/mQBQ. If the lepton mass is neglected, the terms in 3, _, f_, and [__ vanish,
and the differential decay rate becomes
PT WVol’GEmb, | ay
- 3 2
dxdy 32 mp,

+ 2844 [20(22m +y) — 42® —y] Fyy (2, — 4z +y) |,

(2.12)

where the lepton energy is now constrained by —K/2+ (2x,,+y)/4 < x < K/2+ (2z,,+vy)/4,
and the lower limit on y is zero. In this case the differential rate depends only on «, (.
and ~. The explicit expressions for o, #,4 and 7 in terms of form factors for different final

baryon spins are given in Appendix D.

2.3 Heavy Quark Effective Theory

2.3.1 Introduction

The heavy quark effective theory [05, (6] has been a very useful tool in the study of
electroweak decays of heavy hadrons. This effective theory has been applied to a number of
processes, both inclusive and exclusive, to higher and higher order in the 1/m¢ expansion,
where my is the mass of the heavy quark. In most applications, the aim has been to constrain
the hadronic uncertainties in the extraction of CKM matrix elements such as V,;, and V.
In this section, we take a different tack; we examine the predictions of HQET for decays of a
heavy A or 2 into a number of the allowed excited daughter baryons, whether this daughter
baryon is heavy or light, with the aim of comparing these predictions with the form factors
that we obtain in our model. We will discuss the predictions for A and €2 baryons in separate
subsections because the structures of the light quark system spin-flavor wave function are
very different in the ground states of these two baryons. In the Ay ground state the light
quark system is flavor antisymmetric and the spatial wave function is symmetric so that
the spin wave function must also be antisymmetric. This corresponds to spin zero. The
Qg ground state has a symmetric flavor wave function for the light diquark, and so has a

symmetric spin one wave function.
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2.3.2 Structure of States and Parity Considerations

In a heavy excited baryon, the light quark system has some total angular momentum j, so
that the total angular momentum of the baryon can be J = j + 1/2. These two states are

degenerate because of the heavy quark spin symmetry. It is useful to show explicitly the

representation we use for these two degenerate baryons. In the notation of Falk [07], we
write u;'“jrl/’;] (V') = utr-Hi(v') — u;‘il/“; (v"), with
uttta (v') = ARt (0 ug (V). (2.13)

Here, ug(v) is the spinor of the heavy quark, with v being the four-velocity and A#1+#i(v')
is a tensor that describes the spin-j light quark system. This tensor is symmetric in all of
its Lorentz indices, meaning that the u**#i(v') is also symmetric in all its Lorentz indices.

Both uﬁd/‘g(v’ ) satisfy the conditions

P () = e )

U;Z_uuu.ui..-w = 0, gupu " (v) =0, (2.14)

where 1, and g indicate any pair of the indices fi ... p;. The state with J = j 4+ 1/2 also
satisfies

Ty 1ys = 0. (2.15)

Further details of the structure and properties of these tensors are given in Falk’s article [67].

At this point, it is useful to discuss the parity of the states, which is determined by
the parity of the light component. A spin-j light quark component with parity (—1)7 is
said to have ‘natural’ parity, unnatural parity otherwise. The natural-parity light quark
systems therefore have j© = (2n)* or j¥ = (2n+ 1)~, with n a positive integer or zero. The
natural-parity light quark systems are represented by tensors, while those with unnatural
parity are represented by pseudo-tensors. Since the parity of the baryon is that of the light
quark system, we may refer to the baryons as being tensors or pseudo-tensors, with the
understanding that this really refers to the light-quark component of the baryon. It is thus
convenient to divide the decays we discuss into two classes, those in which the daughter

baryons are tensors, and those in which they are pseudo-tensors.
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2.3.3 Heavy to Heavy A Decay

As outlined above we may divide daughter baryons into two groups, those we call tensors, and
those that are pseudo-tensors. The ground state A is a tensor and we begin by discussing

the tensor decays. In general, we are interested in the matrix element

A=< AX(0/, 5)|eT0|Ay(v) >, (2.16)

where ¢ and b are the heavy quark fields, and I' is an arbitrary combination of Dirac matrices.

With the use of HQET, we may write this as

< AX(V', 9)[eTb|Ap(v) >= @+ (V") Tu(v) M

Bty

(2.17)

to leading order. In writing this form, we are omitting multiplicative QCD corrections of
order unity that arise from matching of the effective theory to full QCD at different mass
scales. Here, M), ,, is the most general tensor that we can construct, given the kinematic
variables at our disposal. Clearly, M, ,, may not contain any factors of v} or g,,,;, and
therefore takes the form

(2.18)

M,u1...,uj - 77(J) ('U : UI)UMI ce Uy

Thus, a single form factor, n)(v - v') is needed to this order, regardless of the spin of the
final baryon. In addition, spin symmetry allows us to relate the form factors for I' = v, to
those for I' = 7,,75.

The case of J¥ = 1/2%, j = 0 requires a special comment. Some of these states may
be thought of as radial excitations of the ground state A. Because of the heavy quark
symmetry, and the orthogonality of these states with respect to the ground state, we must
have

< AL, 57 = 07) ) [eTb| Ay (v) >= (v -0 — ) (v - v')a(v')Tu(v), (2.19)
where the subscripts (n) denote the nth radial excitation. That is, these amplitudes must
vanish as v" — v. This result has been pointed out by Isgur, Wise and Youssefmir [68]. Note,
too, that all of the other amplitudes (j # 0) vanish trivially at the non-recoil point.

Applying these results to the specific case of the ground state with j© = 0%, for the
JP =1/27 state, we find

Fi=G =n1%w), F=F3=G,=G5=0. (2.20)
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Here, n©(w) is an Isgur-Wise function, and w = v - v/. At the non-recoil point, v = v/,
nO(w=1) = 1.
For the case of j = 17, we find, for J© =1/27,

w—1 2 w+1
= W(w), B =Gy = —ﬁn(l)(w), Gy =F;=0, G = WU(D(U})- (2.:21)

F2:F3:G2:G3:F4:G4:O, F1:G1 :—77(1)(U)> (222)

In these two sets of equations n!) is a universal function of the Isgur-Wise type.
For j¥ = 2%, we find for J¥ = 3/2%,

4 2(w+1)
Fy=Gy=—nP(w), Gy = @ (w), 2.23
and for 5/27F
F2:F3:F4:G4:G2:G3:O, F1:G1:—77(2)(U}> (224)

As with the previous example, the function n® is an Isgur-Wise form factor common to
both decays. The normalizations of n™ and n® in the expressions above are not known.

For the elastic decays, as well as for decays to the 1/27, 3/2~ doublet, the matrix elements
have been evaluated at order 1/m, and 1/m; in the heavy quark expansion [11]. When we
present our results for the form factors, we will compare our expressions with the predictions
of HQET.

For the pseudo-tensor decays, we write exactly the same form, but M, ., must now be
a pseudo-tensor object, and must therefore be constructed by using the ¢ tensor. Inspection
shows that no such pseudo-tensor can be constructed, given that we have only two kinematic
variables at our disposal, namely v and v, and that the spinor-tensor used to describe the
daughter baryon is symmetric in its indices. Thus, decay amplitudes for transitions to

pseudo-tensor daughter baryons vanish at leading order in HQET.

2.3.4 Heavy to Light A Decay

For the heavy to light transitions, we may no longer describe the daughter baryons in terms

of the spin structure of the light quark system that helps to make up the baryon. Instead,
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we are forced to use the total angular momentum of the baryon concerned, as well as its
parity. As before, we may represent one of these baryons, denoted A*, by a generalized

Rarita-Schwinger field u#t#=(p'), where the auxiliary conditions now are

ﬁluul...,u,n <p/) — mA*uMlmMn(p/), f}/‘uluulmun (p/) — 0,

Pt () =0, u () =0, (2.25)

and a baryon with angular momentum and parity J is represented by a spinor-tensor with
n = J —1/2 indices. As was the case with the heavy to heavy transitions, we need to divide
the possible transitions into two classes, which we call tensor and pseudo-tensor, with the
obvious meaning.

As before, we begin with the transitions to tensor states. Here, we say a state of total

J—1/2

angular momentum J is a tensor if its parity is (—1) ), and is a pseudo-tensor otherwise.

The matrix element of interest is

< A (p') yp|8Dc|AS (v) >= @ (p' )M, . Tu(v), (2.26)
where M), ., is the most general tensor that one can construct. As with the heavy to heavy
transitions, we may not use any factors of 7,,, p|,. or g,,,, in constructing M, ,,, which
must therefore have the form

My, e = Vpy - U An (2.27)

Here, A,, is the most general Lorentz scalar that we can build. On inspection, we find that

so that each of these transitions is described by two form factors, at leading order in HQET.

For the transitions into pseudotensor daughter baryons, we write exactly the same form
as in Eq. (2.26), but now M, ,, must be a pseudo-tensor. This may involve the use of the
€ tensor, but since u'#»(p') is symmetric in its indices, at most one of these indices may be
contracted with the indices of the £ tensor. With some patience, and the use of a few well
chosen identities, one can show that any pseudo-tensor term constructed with the ¢ tensor
may always be reduced to an ordinary tensor multiplying a 5 matrix. We will therefore

leave out much of the tedium, and simply write for these transitions

My = Vpy -+ Uy, <dn) + ﬁén)) V5, (2.29)
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where the & and (; are functions of the kinematic variable v - p’. Thus, any of the heavy to
light transitions is described by a pair of form factors, to this order in HQET. Note that for
both sets of heavy to light transitions, we may use the spin symmetry of HQET to relate
the two form factors necessary for I' =+, to those for I' = v,,7s.

For 1/2%, we find

F=03=0 R=0G=2x%" R=¢"-¢" ="+ (230
while for 1/27, the form factors are
Fy=Gy=0, =Gy =-2¢", == (”+ "), ¢i=— ("= ¢"). a1
For 3/2-,
Fy=CGy=Fi=Ci=0, =G =25" =g’ -&" ai=g"+g". (232
For 3/27,

Fy=Gy=Fi=Gi=0, K=G =", k= (" +¢"), ¢ = - (V= ¢).

For 5/2%,
Fy=G3=F,=G,=0, F =Gy =2 F=¢® — ¢, gy =eP +elV. (2.39)

Note that, in principle, the form factors for the decays to 1/2~ have no relationship with
those for decays to 3/27, in the heavy quark limit. In addition, the normalizations of none

of the heavy to light form factors are known.

2.3.5 Heavy to Heavy () Decay

First, we note that the Falk representation of the ground state {2 is

1

Qu(v) = % (’YV + U,/) 75“(1])7 (235)

where u(v) is a Dirac spinor. This state is a pseudotensor, and we begin with a discussion
of decays to other pseudotensor states. As with Ag decays, we are interested in the matrix

element

A=< QW 7)elb|Q(v) >, (2.36)
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where ¢ and b are the heavy quark fields, and I' is an arbitrary combination of Dirac matrices.

With the use of HQET, we may write this matrix element as
< QW )|e0b|Qy(v) >= @ (V)T My, o (2.37)

to leading order. Here, M, . is the most general tensor that we can construct. M, ..

/

may not contain any factors of v,

OT gyu,p;, and therefore takes the form

M _ (,,@ () ! (2.38
M1 pzV 771 g,uly _'_ 772 /U,U«I/Ul/ 'UN2 e 'qu. . )

Thus, two independent form factors, ng(v -v') are needed to this order, regardless of the

spin of the final baryon.

Applying these pseudotensor results to the specific case of 7 = 07, we find, for J¥ = 1/2~

w—1 2 w+1
F, = —\/5 néo)(w), Fo=G;=0, F3=—-G3 = ﬁnéo)(w), G = Wﬁém

In this case, the daughter baryon is a singlet, and has no Lorentz indices. This means that

(w).  (2.39)

the term in g,, is not present, and only the term in 7, contributes to the matrix element.
When ;¥ = 1F, we find, for J* =1/2%,

1 2
Fi = G = 3 [wn§1) + (w2 - 1) 7751)} , Fo=F3 = 3 —779) + (1 —w) 7751) )

2
Gy = —Gy=—3 [+ (1 +w)n] (2.40)

and for JF = 3/2F

1 2 2
o= s o= 0] Bem 0, By = =l s =,
1 1) 1) 2 (1) 2 (1)
G = ——= [+ wrn], Go=0, Gy= =, Gi= V. (241
1 \/g T ( )772 2 3 \/§772 4 \/3771 ( )

In these two sets of equations 77%12) are two universal functions of the Isgur-Wise type. We note

that there exist several multiplets that have the same quantum numbers as this ground state
multiplet. The same is true in the case of Ay baryons, and these excited Ags were identified
as radial excitations of the ground state. In the case of the €1, such baryons are indeed
excitations of the ground state, but they are not necessarily radial excitations. Some of these

excitations are orbital excitations. However, independent of whether the daughter baryon
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belongs to the ground state (1/2%, 3/2%) or one of the excited multiplets, the expressions
above for the form factors are valid. The explicit forms of the 772(1) will depend on the details
of the structure of the daughter baryon. For the ground state we know that at the non-recoil
point, 77( ) (v.v' = 1) = —1, while the normalization of nél) is not known. The negative sign
on the normalization of ngl) arises because we have chosen a positive sign on the g,,, term
in Eq. (2.38).

For j¥ =27, we find for J¥ =3/2",

1 2
R = iﬁﬂ%w4m9+2@9—wéﬂvﬂ=“4 15 [+ (=10
Fy = - 3[77”+2(w—1)n“] Fy= —y) 2 (w— 1)
15 L0 15 b
o _ B 9 |2 [, )
] —— |Qu+ )P + 2 (w? = 1) P |, Gy = m 4+ (w+1)n |,
30 15
2 | 2 2)
G 5 [7] + +1)n Gy 15(“"" )m”
(2.42)
and for J& =5/2~
L 1@ ) 2 @ 2 o
Fo= —[(+ 1 },F:(),F:—— By = ——®
1 3 Ui (w )1 2 3 \/5772 4 \/5771
1 2 2
Gy = ——3 [ﬁ§2)+(w+1) (2)} Gy =0, Gz = \/— ), Gy ﬁn?)
(2.43)

@) are Isgur-Wise form factors common to

As with the previous example, the functions 7’
both decays.

For j¥ = 3%, we find for J¥ = 5/2%,

1 1
o 9y 2 1) _ \/> (3) 1 ®
1 3\/7 [(31” 2)m +3(w 1)772 :|7 F 2 7 [771 + (w —1)m, }7
2
F3 = _3ﬁ [77§)—|—3(’LU—1)77§3)], F4: 3\/—(w_1)77§)7
1
G = 77{%H4 i + 3 (w? U%ﬂ,af>4¢:h9+wwﬁm9}
_ 3 (3) _ 4 (3)
Gy = f[ )772},@1 3\/7(w+1)m ,

(2.44)
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and for J& =7/2F

1 2 2
Fy = 7 [779) + (w 1)7753)} , Fo =0, I3 = —ﬁn&q’), F, = —ﬁn?),
LG 3) 2 (@3 2 (@3
G = ——= [P+ D], G =0, Gy = N
1 \/g Ui ( ) 2 3 — \/3772 4 \/§n1

(2.45)

The functions 77532) are Isgur-Wise form factors common to both decays. The normalization

of 7751 2 and nél’Z) are not known.
For the tensor decays, the matrix element again takes the form shown in Eq. (2.37), but

M, ....;, must now be a pseudotensor. The only form that we can write is

My, = 7'(j)(w)vﬂ2 . .v“ja,,mpwpv“. (2.46)

When applied to the 1/2% singlet daughter baryon, there is no way to create this pseu-
dotensor, so such amplitudes vanish at leading order. For the other spin states, after some
manipulation, we can express the form factors in terms of a set of Isgur-Wise functions
70 (w).
For j¥ =17, we find for the 1/2~ state
2

:G1 :O, F2:F3:—G2:ng—§7'(l), (247)
while for 3/2 state, the form factors are
F2 == G2 =0 G3 == —F3 == 2F1 == —2G1 == —17(1) F4 == —i(w—l)T(l) G4 == i(w‘i‘l)’r(l)
) \/g ) 3 9 \/3

(2.48)

For j© = 2% starting with 3/2%, the form factors are

1 2
= —(1— F,=-2 w—2)T Z (1 — wr?
L= ()t Vi o=y 35 (-,

7%
1 /2 [2
Gy = m(ler) T, Gy =2 1—57' ), Gs=— 15(w+2) , Gy= 1—5(1—71)2)7(2)-

(2.49)
For the 5/2% state, the form factors are
= G2 =0 G3 = —Fg = 2F1 = —2G1 = —17'(2) F4 = —i(’w—l)T@) G4 = i(’w—i—l)T(Z)
9 \/g ) \/3 9 3
(2.50)
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The normalizations of none of the 7 are known.

We do not present the predictions for the heavy to light g decays as the HQET
predictions are not as useful as they are in the case of heavy to light Ay decays. For
instance, the decays of the ground state €2 to {2 are described in terms of four form factors
in HQET, instead of six in general. While this small simplification is no doubt useful we do

not pursue it here.
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CHAPTER 3

The Model

3.1 Wave Function Components

Our calculation of the form factors describing the semileptonic decays of heavy baryons

follows the spirit of the work by ISGW [36]. In our model, a baryon state has the form

[Aq(p,s)) = 33/4/dgppdgpACA\Iin‘QI(pla31)Q2<p2752)QS(p3733>>7

where p, = \%(In —P2),Pr = \/Lé(pl + P2 — 2p3) are the Jacobi momenta, C4 is the totally
antisymmetric color wave function, and W5 0 = baoagXa is a symmetric combination of
flavor, momentum and spin wave functions.

For Ag the flavor wave function we use is

1
brg = —5(ud = du)Q, (3.1)

which is antisymmetric in quarks 1 and 2. The momentum-spin portion of the wave function
must therefore be antisymmetric in quarks 1 and 2. For states like the neutron and proton,
we use the ‘uds’ basis used in Refs. [24, 29]. In that basis, the wave function of the proton
is simply wud, while that for the neutron is ddu. This flavor wave function provides some
simplification in dealing with matrix elements of the Hamiltonian. However, the treatment
of current matrix elements, such as those that describe semileptonic decays, will require some
extra care, as will be explained later.

The flavor wave function of € is

ngQ = SSQ?

which is symmetric in quarks 1 and 2. The momentum-spin part of the wave function must

therefore be symmetric in quarks 1 and 2 to keep the overall symmetry.

35



The total spin of the three spin-1/2 quarks can be either 3/2 or 1/2. The spin wave

functions for the maximally stretched state in each case are

X32(+3/2) = [111),

Eal+1/2) = (1D =1 1),

1

V6

where S labels the state as totally symmetric, while A/p denotes the mixed symmetric states

X1/2(+1/2) (LTLTY + ] 111y =2 TT1)),

that are symmetric/anti-symmetric under the exchange of quarks 1 and 2. The momentum
wave function for total L = £, + ¢ is constructed from a Clebsch-Gordan sum of the wave

functions of the two Jacobi coordinates p, and p,, and takes the form
¢Lan€pnA€A (ppa p/\) = Z<LM‘€pma g/\M - m>wnp€pm(pp)wnAZAMfm<pA)-

The momentum and spin wave functions are then coupled to give symmetric wave functions

corresponding to total spin J and parity (—1)¢ ),
Uyp =Y (JMILMp, SM — Mp)rasneme Xs(M — My).
My,

The full wave function for a state A is built from a linear superposition of such components

as

Warn = ¢a Z e (32)

Here ¢4 is the flavor wave function of the state A, and the n are coefficients that are
determined by diagonalizing a Hamiltonian in the basis of the W ;,. For this calculation,
we limit the expansion in the last equation to components that satisty N < 2, where
N = 2(n, + ny) + £, + {5. Consistent with this is the fact that the states we discuss all
correspond to N < 2.

3.1.1 Ay Wave Functions

With the limitation mentioned above, the wave function for a Ag with J” = 1/2" takes the

form
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A A A
‘IJAQ,1/2+M = ¢AQ ( [771 Q@Doooooo(pp, PA) + 1, Q%mooo(pm PA) + 773Q¢000010(Pp7 P/\)] XT/Z(M)

A A

+ 7]4Q1/)000101<pp7p)\)Xi\/2(M) + 157 [1/11ML0101(P,3,PA)X§/2(M - ML)L/ZM
A

+ 77 [@DlMLOlOl(pp?p)\)Xi\/Q(M - ML)L/ZM

A
+ n° [¢2ML0101(Pp7PA)X§/2(M - ML)L/ZM) ) (3.3)

where [@bLMangpnAgA(pp,p/\)XS(M—ML)]J’M is a shorthand notation that denotes the
Clebsch-Gordan sum 5, (JM|LMy, SM — Mp)¥pa,n,e,mae (Po, Pa)Xs(M — Mp). When
we diagonalize the Hamiltonian, this expansion will provide the wave functions for seven
states with JP = 1/2% the lowest of which will be taken to be the ground state of the
system.

A simplified version of the model would truncate this expansion after the first component,

giving
Ungazemr = Gato00000(Pps PA)XT o (M),

while the first radial excitation of interest in this model would be

‘I/AQJ/QTM = ¢A¢000010(pp7p>\)X§/2<M>'

There exists a second radial excitation which, in the truncated basis would be

\I’AQJ/Q;M = ¢A¢001000(Pp> p,\)X/f/g(M)-

The latter state has its radial excitation in the p coordinate, which means that it
has a very small overlap with the ground state in the spectator model that we use. For
some states, this truncation provides a very good approximation to the wave function, but
there are important configuration mixing effects for a number of states. In the spectator
assumption that we use, not all of these states have an overlap with the initial ground-state
Ag. The possible A, states which can be connected to the ground state are the states with
JEP =1/2% 1/2{,1/27,3/27,3/2%,5/2%, where 1/2% and 1/2] denote the ground state and

the first (radially) excited state. Wave functions are shown in Appendix A
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It is useful for us to list the single-component representations of these states. The states

with J¥ = 1/2% have already been given. For the remaining states, we have

\IJAQJ/TM = ¢a _¢1ML0001(pp7 PA)XQ)/Q(M - ML)_ 12,M
Vapse-m = O _wlMLOOOI(pm PA)XT/2(M - ML)_ 3/2,0
\IJAQ,S/QJFM = ¢A _w2ML0002(pp7 p/\>Xll)/2(M o ML)_ 3/2,M ’
Wag 52t = @A ¢2ML0002(pp7pA)X§/2(M — ML) 5/2.M (3.4)

From these representations, the multiplet structure expected in the heavy quark limit is
easily identified, with the 1/2~ and 3/2 states forming a multiplet, and the 3/2% and 5/2%

states forming another. Both of the 1/27 states we consider are singlets.

3.1.2 g Wave Functions

The wave functions for Qg with J = 1/2% has the form

Q Q Q Q
‘1’1/%+M = ¢q, ( [771 21000000 (Pp> PA) + 12 “P001000(Pps PA) + 75~ Yo00010 (P, p,\)} X?/Q(M)

Q Q
+ 1 “1000101 (Pps PA)XS jo (M) 4+ 157 | V1010101 (Pps PA) XY 1o (M — M)
/ / 1/2,M

Q
+ NG [¢2ML0200(pp;pA)X§/2(M - ML)L/ZM

Q
+ e [1/12ML0002(pp,pA)X§/2(M - ML)L/ZM) . (3.5)

The complete expressions for {2 wave functions of different spins and parities are also shown
in Appendix A. In the rest of this section we present a list of the truncated wave functions
for Qg with different J¥, analogous to what was done for Ag in the previous section. We
note that the number of possible states which can have an overlap with the ground state
Qg is significantly larger than for the Ag case: there are three states with J¥ = 1/2%, two
with J© = 1/27, two with J© = 3/27, four with J = 3/2%, one with J© = 5/27, two
with J” = 5/2% and one with J© = 7/2%, all of which occur in the N < 2 band. The
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single-component representations of these states are

Vog1/2¢m = 000000 (P PA)XT/Q(M%

Vooa2rm = Patooooro(Pp, PA)X12(M),

Vo, u/20m = ¢Q[¢2ML0002(Pp7PA)X§/2(M — Mp)|1/2,0,
‘I’QQ,l/sz = ¢QW1ML0001(Pp7 /\)X?/Q(M - ML)]1/2,M>
Voo i/orm = ¢Q[¢1ML0001(Pp,PA)X§/2(M — Mp)]1/2,m,
\IJQQ,S/Q*M = 0q WlMLoom (vaPA)Xi‘/z(M - ML)]3/2,Ma
\I[QQ73/21_M = ¢a [1/)1ML0001(Pp7PA)X§/2(M - ML)]3/2,M7
\IJQQ,5/2*M = ¢q [¢1ML0001 (ppvp/\)Xg/Q(M - ML)]5/2,M7
Vags2rm = Patboooooo(Pps Pa) X2 (M),

lDQQ73/21+M = datoooo1o(Pp PA)X?/Q(M%

Uooamar = Galan0002(Po, PA)X3/ (M — ML)]sp20,
\DQQQ,/Q;M = ¢Q[¢2ML0002(P,)7 /\)X?/Q(M - ML)]3/2,M7
Vaos/2tm = ¢a [¢2ML0002(pp,PA)X1\/2(M — Mp)]5/2,m,
‘I’QQ,g,/sz = ¢q [%MLOOOQ(P;”P/\)X%?/Q(M - ML)]5/2,M7
Voo 720 = 00 WzMLoooz(me,\)Xg/g(M — Mp)lz/2,m- (3.6)

3.2 Expansion Bases

A common choice for constructing baryon wave function is the harmonic oscillator basis. One
advantage of using this basis is that it facilitates calculation of the required matrix elements.
However, it leads to form factors that fall off too rapidly at large values of momentum
transfer. We therefore also use the so-called Sturmian basis [69]. In this basis, form factors
have multipole dependence on ¢?, which is what is expected experimentally. The full wave

functions in momentum space are

»2 1

L Em L 0 (p) (37)

L+§

2n!
(n+ L+ 1)

(@) (=1)"

Unn(p) =

«
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in the harmonic oscillator basis, and

1
2[n!(n+2L+2)!]5<,)L
1 3 L n

(n—i—L—i—%)! BL+) <§—Z+1> +2

nm(P) =

1 1 L+3.o+%) (P — 3
A (E D) e
(3.8)

in the Sturmian basis. The LY(z) are generalized Laguerre polynomials and the p ’”)(y)
are Jacobi polynomials, with p = |p|. The corresponding wave functions in coordinate space

are

2n!
(n+ L+ 3)!

o (r) =

in the harmonic oscillator basis, and

S ()= [(”—'),]  (28) e L2 (96r) Vi ()

n+2L+2
(3.9)
in the Sturmian basis.
3.3 Hamiltonian
We use a non-relativistic quark model similar to that of Isgur and Karl [241, 25], with some
of the modifications suggested by Capstick and Isgur [29, 71]. The Isgur-Karl model evolved

from the pioneering work of others; an extensive list of references to the origins of the model
can be found in Ref. [29].

The phenomenological Hamiltonian we use takes the form

3 3
H=> K+ Y (Vi;+H). (3.10)
i=1 i<j=1

where Z?Zl K; is a sum of the kineticenergies of each quarks. For this, we use two forms,

the usual non-relativistic form given by

p?
Ki == i L y 311
(m T ) (3.11)



and a semirelativistic form given by

K; = /p? +m2. (3.12)

The spin independent confining potential is a simplified version of that used by Capstick and

Isgur [29], with

vi — ¢y Mg £%Coul
4 + 2 37”,‘]‘

conf

, (3.13)

with r;; = |r; — r;|. Here H, “_is the hyperfine interaction, assumed to have the form

hyp

% 20 8T 1 [3(S;-ry;)(S; - ry)
Yo P ) 2GS 53 (rs J\95 " rij) Q. Q.
Hy = Smam,; { 5 Si 8;0%(ry) + ) = S-S, (3.14)

The first term is a contact term, while the second is a tensor term. The spin-orbit interaction
is neglected. We note here that acou, Qhyp, b, Cgeq, and m; are not fundamental, but are

phenomenological parameters obtained from a fit to the spectrum of baryon states.

3.4 Obtaining the Form Factors

3.4.1 DBg— B,

Here, we illustrate the procedure we follow to obtain the form factors, using the decay of
the By to the ground state B, as an example. We note here that By represents either
Ag or Q¢ and B, refers to any of the A,, €, or = in their ground state. We begin with
the vector current matrix element from Eq. (2.2), with the assumption that the parent B
is at rest and the daughter B, has three momentum p. The left-hand side of Eq. (2.2) is
evaluated using the quark model, after the operator V,, = ¢7,Q has been reduced to its Pauli
(non-relativistic) form. Specific values for the index p are chosen, as well as specific values
of s and s’. By making three sets of such choices, three equations for the Fj in terms of
the quark-model matrix elements of three operators are obtained. This system of equations
is then solved to obtain the expressions for the form factors. In the specific case at hand,

choosing s = s’ = +1/2 and p = 0, for instance, leads to

(Bo(p, )|3700| Bo(0,+)) — / B B p,dpr OV CATTS (+)

(4165210 0Ql0 Q) W5, (+).

X

(3.15)
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where
(0165014 0Q|0182Q) = (91 d5|q1a2) (ala"10Q| Q).

In the specific case of Ag — A,
(By(P, M)1q0Q[Bo(0,+)) = Fi+ Fy+ F.

The matrix element (¢jq¢5|q1q2) gives d-functions in spin, momentum and flavor in the
spectator approximation. Using the J-functions in momentum and flavor, the integral is

simplified to

(B,(p.+) 00l Bo(0.)) = [ @n,d'patis (0} 95) Af 5, (O0) o (B ). (3.16)

with p,, = p,, P\ = Px» — 2y/3/2mp/mp,, where m, is the mass of the light quark and
O = ¢'Q. Tt is useful for us to define

B8, (On) = X, (8)04451 06, (a5, 85) | O, Q(P3, 53)) X3 (5)- (3.17)

where p, =p — \/gpA and p3 = —\/gp,\.

The spin structures of the A, states that we consider are different from those of the €2,
and = states. It is therefore also useful to write the spin matrix elements explicitly for these

two types of baryons. For B = A we find that

AAQA (0.) = {q(p3: 1) 0, Qp3, 1))
Axon, (On) = (a(P5 1) 104 Q(ps; 1)), (3.18)

and for B = Q) or = we have

Ao, (0 = S0P 1) 10, Qs 1) + 2 a(ph 1) 10,1 Q(ps, 1)
Adoo,(On) = —%<Q(pé7T)IOMIQ(pz,U>, (3.19)

where both parent and daughter baryons are in the ground state in both sets of expressions.
Here we only show the structure of Az’ (O,) for decays to a J” = 1/2% baryon. The
matrix elements (q(p5, s5)|O0,|Q(ps, s3)) for various components of O, with different possible
combinations of spin projections are shown in Appendix A
After the spin matrix elements are evaluated, there remain the momentum integrals to

be performed. These are done using both bases for the momentum wave function shown
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earlier. The analytic results for the form factors for Ay decaying into various A, final states,
as well as for the g — (2, decays are given in Appendix C. For decays to excited states,
the calculation of the form factors is a little more involved, but the basic idea is as outlined

here.

342 Ayg— N

For decays in which the daughter baryon is a nucleon, the procedure is much the same as
outlined in the previous subsection, with one modification. To illustrate, let us take the
specific example of Ay, — p. The flavor wave functions of these two states have been chosen
to be

op, = %(ud — du)b, ¢, = uud. (3.20)

For the transition to occur, the third quark in the parent baryon, the b quark, undergoes
the transition b — u, leaving a final state that is \/Li(ud — du)u. This has no overlap with
the flavor wave function that we use for the proton. We must now permute the third quark

with the first and second quarks, giving

1 1 1 1
{13}E(ud —du)u = E(udu — uud), {23}E(ud —du)u = E(uud —duu), (3.21)

both of which now have some overlap with the proton flavor wave function we use. This

requires that the sum of matrix elements
(N (p, +)[{13}0i|Aq(0, +)) + (N(p, +){23}0i[ A (0, +))

be evaluated, where we apply the permutation to the wave function of the daughter nucleon.
The permutation operators also transform the spin and momentum wave function of the

nucleon. The transformed spin wave functions are

{13}x(s) = —\/;x"(S) —

V3 e = L. (3.22)

(), (23N =3

2
After carrying out the transformation on the nucleon wave function, and using the fact

that the ground state momentum space wave function is totally symmetric, we find
(p(p, 5)|0i|Ag(0,5')) = (=+/3/4) / d*ppd’paiby (0, PR A (O ng (P D), (3.23)

where A% (0;) is the Pauli reduction of the operator O;. The integrations required for the

Ay to proton form factors are the same as those in Eq. (3.16) in the previous subsection, and
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so the form factors are the same up to a multiplicative factor. For excited states, however,
the procedure is slightly more involved, and is easily illustrated by examining the decays to
the radially excited nucleon.

Assuming single components, the wave function of the radially excited state is

\I’N,1/21+M = Onoo0010(Pp; P/\)X?/Q(M)- (3.24)
The {13} transformation, acting on the spin-space part of this wave function, produces

V3 1
{13} Woo0010(Pps PA)X12(M) = Wonoo10(P),, Py) [_7X§/2<M) - §X?/2(M)
1
= -3 [\/ﬁﬂ)oomoo(pp, p)\)XT/Q(M) + 3Y001000 (P, pA)Xi\/z(M)

ﬁ¢000010(Pp> p/\)Xfp(M) + w000010(pp7 p)\)Xi\/Q(M)'
\/El/Joomm(Pp’u P/\)XT/Q(M) + \/61/)000101(13;;, p/\)Xi‘/g(M) )
(3.25)

+ o+

with a similar expression for the {23} transformation. Here p, = \/ii(pg — P2), Py =
\/Lé(pg +p2 — 2p1) are the Jacobi coordinates in the transformed basis. Of these components,
only the first, third and fifth have spin wave functions that overlap with the decaying A,
while only the first and third have non-zero spatial overlaps. The integrals that arise from
the first component are simply a numerical factor (/27/8) times those that arise in the
Ag — A, matrix elements, for the radially excited A,. The integrals that arise from the
third term are also a numerical factor (v/3/8) times the Ag — A, ground-state integrals,
multiplied by a factor that arises from the spectator overlap. In this case, this overlap is
expected to be small, since the spectators are in a radially excited state in the daughter

baryon, but in their ground state in the parent.

3.4.3 Q.— Q®

The calculation of form factors for Q, — Q) decays is very similar to that described in
Section 3.4, but for a question of symmetry. The flavor wave functions of €2, and () are
Pq, = ssc and ¢q = sss. In a semileptonic decay process the charm quark of ). decays
into a s quark, which can be any of the three s quarks of the 2. Thus, in analogy with the

nucleon final states, we need to evaluate

- (<Q<p, D]0,120(0.4) + (Qp. +)[{13}0,12(0. )) + (2(p. 1)]{23}0,/24(0. +>>) .
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The factor \/Lg comes from the normalization. The wave functions for the €2 states are fully
symmetric under interchange of any of the quarks, so each of the permuted matrix elements

reproduces the unpermuted one. The result is that we must calculate
V3{Qp, 1)|0,[Q0(0, +)),

to obtain the form factors for 2, — €.

3.4.4 The Sturmian Basis

The procedures described in the sections above are relatively straightforward to implement in
the harmonic oscillator basis, largely due to the fact that the Moshinsky rotations have been
treated by a number of authors, and are also fairly simple to calculate. In particular, the fact
that the ‘permuted’ wave function can be written in terms of a finite set of transformed wave
function components is another feature that makes the harmonic oscillator basis attractive
for calculations like these. In the Sturmian basis, however, the permutation of particles
requires an infinite sum of transformed wave functions. This sum could be truncated at
some point in a calculation such as this. However, at this point we do not examine decays

to daughter nucleons or {2’s in the Sturmian basis.
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CHAPTER 4

Comparison of HQET and Quark Model Results

The analytic expressions that we obtain for the form factors are shown in Appendix C, for
both the Sturmian and harmonic oscillator bases. The results shown there are valid when
the wave function for a particular state is written as a single component, in either expansion
basis.

As mentioned earlier, one of the advantages of the Sturmian basis is that it leads to
form factors that behave like multipoles in the kinematic variable, and this is seen in the
forms that we display. At this point, it is instructive to compare, as far as possible, these
analytic forms with the predictions of HQET. While HQET does not give the explicit forms
of the form factors, a number of relationships among the form factors are expected, and
any model should reproduce these relationships. In what follows, we restrict our comparison
to the predictions that are valid at the non-recoil point, as we have ignored any kinematic
dependence beyond the Gaussian or multipole factors shown in Appendix C. In addition,

we focus on the predictions for heavy to heavy transitions.

4.1 Ag decay

4.1.1 Natural Parity Daughter Baryons

We begin by discussing the form factors for decays to daughter baryons of natural parity. In
this work, this means daughter baryons with J¥ = 1/2* (both ground state and first excited
state), J¥ = 1/27 and 3/2~ (which constitute a degenerate doublet when the daughter
baryons are also treated as heavy) and J = 3/27 and 5/2% (also a doublet). In our
discussion of these results, we implicitly assume that the wave functions for the states are
dominated by a single component of the wave function expansions that we use. These single-

component wave functions have been described in Section 3.1.
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For elastic decays, predictions have been made at least to order 1/m? and 1/mg,. However,

we will restrict our discussion to the predictions valid to order 1/m, and 1/m¢. To this order,

using the results of Falk and Neubert [72], the relationships among form factors are
B o= G="Cp__Meq,
Mg Mg
F = G —F <1+ﬁ). (4.1)
mq

Our expressions for the form factors satisfy these relationships, in both bases, to the
appropriate order. In fact, the analytic forms obtained exactly match the structure predicted
by HQET [72].

For the (1/27,3/27) doublet, there are 14 form factors in general, which Leibovitch and
Stewart [11] write in terms of a number of universal functions and constants, valid at order
1/mg and 1/mg. Using their expressions, and writing form factors for the 1/27 state as
primed quantities, the relationships expected are

F = L (3mg — my) Fy,
2\/§mq

/ ! 2
F, = 3G,+ 7 (Gs — 2F,),

F3 — —Gg, GQZFQ, Fl—GQZGg—FQ,
2
G, = —3F,+2V3G,, F.—G,=—-——0@Gj,
4 4 3 2 2 \/3 3
2
F 4G+ 26, = V3E (1+@>—2G’——G, 4.2
2 2 1 4 mq 3 \/g 3 ( )

where terms that vanish at the non-recoil point have been ignored. Our results for these
states also satisfy all eight of the relationships shown above, in both bases. Thus, there is a
very good correspondence between the predictions of HQET and those of the quark model
that we use, and this correspondence is independent of the wave function basis chosen.

For the (3/2%,5/2%) doublet, the available predictions are at leading order, shown in
Egs. (2.23) and (2.24). These are also satisfied by our analytic expressions for the form
factors, in both bases.

For the excited state with J¥ = 1/2], the predictions of HQET are that the form factors
should vanish at the non-recoil point, by reason of the orthogonality of the wave functions.
In the treatments in the literature, this is achieved by assuming that the form factors have

an explicit factor that vanishes as w — 1. In the expressions that we have obtained for the
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leading order form factors, this orthogonality arises explicitly from the size parameters of
the wave functions.
It is instructive to examine the expression for F; for this decay, in the limit when the
Hamiltonian is that of a harmonic oscillator. The expression for F} is
2

1 m o3 a
F=1 2 _a?)— —Z | A (7% —3a2) — (70 — 302, 4.3
1 H2a§/\, [(O‘A ay) 30&/\, (mQ( «Q ay) mq( Qay ay) ) (4.3)

3 (a3 3m2 p?
]H:\/;<A3—A exp |~ | (4.4)
ROVY 2my, Ay

In the above expressions, a,(a,) is the size parameter of the initial (final) wave function

where

associated with the Jacobi coordinate A, and a3, = (ai + a3,)/2. If the Hamiltonian is

taken to be a harmonic oscillator of the form

K
V=5 (It = xof o oy = wsf* + [y = 1) = 3K (p° +0%) (4.5)

where r; is the position of the i-th quark and p = (r; —ry)/v/2 and XA = (r; + 1y — 2r3)/V/6

are the Jacobi coordinates, then

3Kmsmg 1/ 3Km,my, 1/
ay=|——r— , oy = ————— . (4.6)
mqg + 2my, mg + 2me,

With these forms, the term in Fj proportional to m, (mass of the light quark) vanishes
identically, while the term in (a3 — a3,) becomes proportional to 1/m, — 1/mg, and so
vanishes in the heavy quark limit. The terms in p?, which we do not include here, will be
those that contribute, despite the orthogonality of the wave functions, as expected. Note that
even though the p? terms will appear with explicit factors of 1/m2, p will range from small
values (of order Aqep), to a maximum of (m3, — m3,)/(2ma,). Such terms are therefore
not necessarily negligible. However, in the non-relativistic model that we use for the form

factors, we have neglected such terms.

4.1.2 Unnatural Parity Daughter Baryons

For the decays to baryons with unnatural parity, HQET predicts that the form factors should

vanish at leading order. In the present model, we first have to identify such states, which we
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do in the heavy quark limit, using the single-component wave functions. The wave functions

of interest are

‘I’AQ,l/2+M = [woooml pp,pA)X 1/2 (M - ML)L/z,M’

‘I/AQ,3/2+M = ¢z [1/)000101 ppvp)\)X 3/2 o(M — ML)}3/2,M7

Upos2m = Oa [P1ar,0100(Ppr PA)X5 /(M — ML)L,/QM,

Ungs2-m = [l/)lMLowo pp,PA)Xg/g(M ML)}B/QM (4.7)

In the spectator assumption that we use, none of these states have any overlap with the
ground state parent Ag. In fact, there is a ‘two-fold” orthogonality at play. The spin wave
function of the two spectator quarks is orthogonal to the corresponding wave function in the
parent baryon. The spatial wave functions of these two quarks are also orthogonal in parent
and daughter. Thus, decays to these states will only occur through configuration mixing in
the wave function, induced by various terms in the Hamiltonian.

In the model that we use, configuration mixing in the spin wave functions arises from
hyperfine terms involving the heavy quark, which means that such mixing will be small.
Thus we expect that decays to such states should be significantly suppressed. Interestingly,
the suppression of the decays to these unnatural parity doublets persists as the mass of the
heavy quark in the daughter baryon is decreased, as such configuration mixing remains small.
In this case, even though the definition of unnatural parity is different for light states, there
are still a number of decays (in A, — A, for instance) that are predicted to be significantly
suppressed. We will comment on this later, when we examine the numerical results of our

model.
4.2 (g decay

The quark model states we use are constructed in the coupling scheme
|JP, L, S >= ‘ [(€P€A>L (81283)5} J> , (48)

where the notation (ab). means angular momenta a and b are added vectorially to give
angular momentum c. The parity P is (—1)%7% the total spin of the two light quarks in
the baryon is s1o, and s3 is the spin of the third quark, taken to be the heavy quark when

the baryon contains a heavy quark.
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The HQET states are assumed to have the coupling scheme

I, j >= H{(fp&\) 312} S3}J>, (4.9)

where j is the total spin of the light component of the baryon, so that J = j41/2. The states

of one coupling scheme are linear combinations of the states of the second. In particular, we
find

H [(6 KA) 812} -53}J> = (—1)1/2+812+L+J\/m

X Z\/?S—i- { 1/2 8}2 j }H(f b\) (51233)S}J>’ (4.10)

1/2 S12 S .
L J } is a 6-J symbol.

For the states that we consider, the explicit expressions for the HQET states in terms of

where

the quark model ones are
1/27,j=1) = \/11/2 L=1 S—1/2>+ |1/2 L=18=23/2),
1/27,j=0) = ——|1/27,L=1,5=1/2 —(1/27,L=1,5=3/2
1/2.5=0) =~ |2 L=1, />+\f3\/, §=3/2),

3/27,j=2) = \/2\3/2,L:1,5:1/2>+%|3/2,L:1,5:3/2>,
3/27,j=1) = —i|3/2—,L:1,S=1/2>+\/2}3/2—,L=1,S:3/2>,
3/27,j=2) = 7(|3/2+ =2,5=1/2)+[3/2",L =2,5 =3/2)),
3/27,j=1) = %( 13/2F, L =2,5=1/2) +|3/2%,L =2,5 =3/2)),
5/2%,j=3) = §| 5/2%, L _2,S:1/2>+%§\5/2+,L:2,S:3/2>,
5/2%,j=2) = §|5/2+ _2,521/2>+g\5/2+, L=2,5=3/2). (4.11)

For all of the quark model states shown on the r.h.s of these equations, S = 1/2 corresponds
to spin wave function of the y* type. The form factors that describe transitions to these
states are shown in Appendix C.3.

Other states not shown above are single component states in both representations, and
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these are

|1/27,j=1) = [1/2",L=0,5=1/2),
13/2%,j=1) = |3/27,L=0,5=3/2),
11/2f,i=1) = |1/2{,.L=0,5=1/2),
13/2f,7=1) = |3/2{,L=0,5=3/2),
11/25,7=1) = |1/2§,L=2,8=3/2),
5/27,j=2) = [5/27,L=1,8=3/2). (4.12)

The subscripts ‘1’ denotes the first radially-excited copy of the ground state multiplet. The
‘2" denotes an orbitally-excited state with J¥ = 1/2%. This state forms an j = 1 multiplet
with the second 3/27 state listed in Eq. (4.11).

We now examine the form factors of Appendix C.3, along with some of the form factors
in Appendix C, and compare these with the predictions of HQET shown in Section 2.3.5.

We begin with a discussion of the decays to pseudotensor final states.

4.21 1/2°

The HQET predictions for decays to this state are shown in Eq. (2.39), while the quark
model form factors are shown in Section C.3.1. Noting that w — 1 ~ O (1/m,), the leading
order predictions are that F} = Fy, = Gy = 0, and F3 = —G3 = G;. The form factors of

Section C.3.1 satisfy these relations, and allow us to identify

(0 _ Mo (OéAOé,v)s/2 3m3 P’
Ny =— exp | =555 |,
’ ax \ a3y 2mg, a3y

in the harmonic oscillator models, or

(4.13)

in the Sturmian models.

4.2.2 (1/2%, 3/2%)

The HQET predictions for decays to this state are shown in Eqgs. (2.40) and (2.41). As there

are three multiplets with these quantum numbers, we discuss each one separately.
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Ground State

The quark model form factors for the ground state doublet are shown in Sections C.2.1 and

C.2.8. Comparison of these form factors with the predictions of HQET leads to
1
ns” = —=ni” (4.14)

at the non-recoil point, and allows us to identify

3/2 2 .2
=) e () w
in the harmonic oscillator models, or
()"
o = A . (4.16)

in the Sturmian models. In the heavy quark limit, both forms yield the expected normal-
ization at the non-recoil point, namely ng)(w = 1) = 1. It must be emphasized that the
relationship between 7751) and nél) given above is one that arises only in the context of the
quark model. In HQET, these two Isgur-Wise functions are a priori independent of each
other. A more complete expression of the relationship between 1751) and nél) can be obtained
by noting that Gy and G5 for the 1/27 final state both vanish at leading order in the quark
model. This leads to

) (w) = —(1+w)ns” (w), (4.17)

valid at leading order in the heavy quark expansion.
Radial Excitation

The form factors for decays to the radially excited (1/2%, 3/2%) multiplet are shown in
Sections C.2.2 and C.2.9. Comparison of these form factors with the predictions of HQET
again leads to

I a
) = —-ni, (4.18)

and allows us to identify

3a2 — a2 N\ 5/2 Im2  p2
i = [RE b () B (I 2 ), (419)
8 anay a5y 2mg asy

o2




in the harmonic oscillator models, or

NN ) 3/2

o0 = V38— 6% ( B

1 3
4 ﬁ/\ﬂ)\’ 3 m2 p2

[1 + 5 ]

(4.20)

2 2
qu ’BA)\’

in the Sturmian models. As with decays to the ground state multiplet, the full relationship

between 7751) and nél) can be deduced to be
1 (w) = =1+ wys” (w), (4.21)
valid at leading order in the heavy quark expansion.

Orbital Excitation

The orbitally excited (1/27, 3/2%) multiplet has a very different structure from either of the
two multiplets discussed previously, and the form factors that are non-vanishing at leading
order are different. For the ground state and radially excited multiplets, Fi, F5, F3 and G,
are the non-vanishing form factors at leading order for the 1/2" state, for instance, and this
pattern is repeated with the radially excited multiplet (ignoring, for the moment, the fact
that a3 — a3, &~ O(1/m,)). For the orbitally excited states, whose form factors are shown in
Sections C.2.3 and C.3.3, the pattern is different, with G5 and G3 being the non-vanishing
form factors for the 1/2% state.

Comparing these quark model form factors with the predictions of HQET allows us to

deduce that
771 - 07
1 27 3 QO yy 7/2 3m§ p2
B = Ve o) o oo (4:22)
by AN Q, O

in the harmonic oscillator basis, or

7751) = 0,
o (mzﬂyy/ 2
(1) My B
n = ——— (4.23)
? \/g 6)2\ |:1 + § mg i:| !
2 m2 2
Qg PAN

in the Sturmian basis.
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4.2.3 (3/2_, 5/2_)

The HQET predictions for this multiplet are shown in Eqgs. (2.42) and (2.43), while the quark
model predictions for these states are shown in Sections C.2.12 and C.3.6. Comparison of
these two sets of equations yields

5/2 2 2

@) B ) My (aAaX) 3mz p
w)=—1+w w)=—vV3— exp | — — 4.24
m(w) ( J1z(w) ay \ a3y Qm%q asy, (4.24)

in the harmonic oscillator models, or

()™
7752)(10) = —(1 + w)n§2)(w) — _\/6% [ By

(4.25)

in the Sturmian models.

4.2.4 (5/2%, 7/2%)

The HQET predictions for this multiplet are shown in Egs. (2.44) and (2.45), while the quark
model predictions for the 5/2% state are shown in section C.3.8. We have not calculated the
form factors for the 7/2% state in our models. Comparison of the HQET predictions with

the results of the quark model calculation yields

(3)( ) (1+ ) (3)( ) 3 3 (Oz,\a)\/)7/2 3m(27 p2 (4 26)
n (w) = — wny (w) = ——— | 5= exp | —————5— )
' ’ V2 a3 \ afy 2mg, a3y
in the harmonic oscillator models, or
9 <B>\2ﬁ>\’> /
m ’
i (w) = —(1+w)ny (w) = =3V3—g = ry (4.27)
m2 2
’ {1 + 305 }
Qg PAN

in the Sturmian models.

We now turn to a discussion of the decays to daughter baryons having tensor light diquark.
We note, first that there exists a 1/2%, j = 0 singlet state. At leading order, the form
factors for decays to such a state vanish in HQET. In the quark model, such a state can be
constructed, but the overlap of its wave function with that of the decaying parent baryon is
zero to the approximation to which we work, and is strongly suppressed beyond that. Thus
we do not have form factors for such a state. For the remaining decays of this type, there is

a single Isgur-Wise type form factor.
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4.2.5 (1/2-, 3/2°)

The HQET predictions for this multiplet are shown in Eqs. (2.47) and (2.48), while the

quark model predictions are shown in Sections C.3.2 and C.3.5. Comparison of these two

3m, A 72 3m2  p?
T(1>:\/jm_ (O‘AQO‘A> exp [ - L (4.28)
2 o Qv 2qu [O5%V

in the harmonic oscillator models, or

sets yields

(4.29)

in the Sturmian model.

4.2.6 (3/2%, 5/27)

The HQET predictions for this multiplet are shown in Eqs. (2.49) and (2.50), while the
quark model predictions are shown in Sections C.3.4 and C.3.7. Comparison of these two

sets yields

mg QO yy 5/2 3m§ p2
7(2):\/504_?\( 5 ) exp | — 5 (4.30)

2
RIVY 2mg,, axy

in the harmonic oscillator models, or

, (ﬁxfy) /
ms N
@ =3v2—2¢ 22 - (4.31)
m2 2
g {H%mz 2 }
Qg PAN

in the Sturmian model.
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CHAPTER 5

Numerical Results

5.1 Model Parameters, Mass Spectra and Wave
Functions

In Section 3.3, we introduced the two Hamiltonians we diagonalize to obtain the baryon
spectrum. They differ only in the form chosen for the kinetic portion, one of which is non-
relativistic (NR), while the other is semirelativistic (SR). In addition, we use two different
expansion bases to obtain the wave functions: the harmonic oscillator (HO) basis, and the
Sturmian (ST) basis. In the following, the four spectra we obtain will be denoted HONR,
HOSR, STNR and STSR, in what should be an obvious notation.

Table 5.1: Hamiltonian parameters obtained from the four different fits. In the first column,
HO refers to the harmonic oscillator basis, while ST refers to the Sturmian basis. In the same
column, NR indicates a non-relativistic Hamiltonian, while SR indicates a semirelativistic
one. The form of the Hamiltonian is described in Section 3.3.

model My My Me my b acoul Ohyp  Cogq

(GeV) (GeV) (GeV) (GeV) (GeV?) (GeV)
HONR | 0.40 0.65 1.89 5.28 0.14 0.45 0.81 -1.20
HOSR | 0.38 0.61 1.83 5.17 0.17 0.09 026 -1.45
STNR | 0.40 0.64 1.89 5.29 0.13 0.41 0.31 -1.18
STSR 0.34 0.57 1.78 5.22 0.15 0.19 0.11 -1.23

There are eight free parameters to be obtained for each spectrum: four quark masses
(me, ms, m. and my), and 4 parameters of the potential (aumyp, Qcour, b and Cyeq). We have
investigated the effects of a tensor interaction in the two harmonic oscillator models, and

found the effects to be small. In the results we present, the tensor interaction has been

o6



ignored. The eight parameters are determined from a ‘variational diagonalization’ of the
Hamiltonian. The variational parameters are the size parameters a, and ay of Eq. (3.7),
or 3, and 3y of Eq. (3.8). This variational diagonalization is accompanied by a fit to the
known spectrum. In this fit, the eight parameters mentioned before are varied. The values
we obtain for the Hamiltonian parameters are shown in Table 5.1, while some of the wave

function size parameters are shown in Tables 5.2 and 5.3.

Table 5.2: Wave function size parameters, «, and ay, for states of different J” and with
spin-flavor antisymmetric light diquark, in different models. All values are in GeV. For the
Sturmian basis, the size parameters have been denoted /3 in the text.

JP model Ay A, A N
(O‘M ap) (O‘M ap) (00\7 ap) (O‘M aﬂ)
1/2% [HONR | (0.59, 0.61) (0.55, 0.58) (0.49, 0.53)  0.48
1/2+ | HOSR | (0.68, 0.68) (0.60, 0.61) (0.52, 0.57)  0.54
1/2+ | STNR | (0.4, 0.66) (0.41, 0.69) (0.35, 0.75) .
1/2+ | STSR | (0.46, 0.64) (0.43, 0.67) (0.38, 0.72) ;
1/2~ | HONR - (0.47, 0.49) (0.40, 0.47) _ 0.37
1/2- | HOSR ; (0.55, 0.59) (0.48, 0.54)  0.46
1/2- | STNR ; (0.60, 0.50)  (0.55, 0.54) ;
1/2- | STSR ; (0.61, 0.49) (0.58, 0.51) .
3/27 | HONR - - - 0.35
3/2+ HOSR - - - 0.44
5/27 | HONR - - - 0.35
5/2+ | HOSR ; ; ; 0.46

We note that the value of b, the slope of the linear potential, tends to be smaller than
in most published studies of the baryon spectrum. The same is true for the strength of the
hyperfine interaction, anyp. In the case of the latter, the small strength arises because the
hyperfine interaction is treated as a contact interaction, and this can lead to very strong
attractive forces between the quarks. One result of this is that, for sufficiently large values of
Qmyp, the masses of the lightest baryon states can become negative. The small value of this
parameter that results from our fits is therefore driven largely by the need for positive baryon
masses. One direct consequence is that hyperfine splittings are not well reproduced in all but
the HONR model, with the A — N mass splitting being about one third of its experimental

value. In general, we allow the values of a, to be different from «,. The exceptions occur
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Table 5.3: Wave function size parameters, «, and ay, for states of different J© and with

spin-flavor symmetric light diquark, in different models. All values are in GeV.

Jr model Qy Q. = Q
(ar, ap) (ax, o) (ax, a,)  (ar, ap)
1/2% | HONR | (0.68, 0.49) (0.64, 0.49) (0.50, 0.55) 0.54
1/27 | HOSR | (0.68, 0.52) (0.61, 0.51) (0.52, 0.57) 0.53
1/2F | STNR | (0.61, 0.43) (0.62, 0.42) (0.41, 0.46) ;
1/2% | STSR | (0.63, 0.50) (0.64, 0.50) (0.51, 0.56) -
1/2- | HONR - (0.54, 0.44) (0.39, 0.44)  0.44
1/2= | HOSR - (0.56, 0.49) (0.45, 0.50) 0.49
1/2= | STNR - (0.61, 0.43) (0.44, 0.60) -
1/2= | STSR - (0.66, 0.48) (0.49, 0.65) -
3/2% | HONR - (0.56, 0.46) (0.39, 0.44) 0.45
3/2% | HOSR - (0.58, 0.50) (0.45, 0.50) 0.49
3/2+ | STNR : (0.64, 0.40)  (0.37, 0.42) -
3/2% | STSR - (0.66, 0.48) (0.46, 0.51) -
5/2- | HONR - (0.52, 0.44) (0.38, 0.43)  0.42
5/2~ | HOSR - (0.55, 0.49) (0.45, 0.50) 0.48
5/2= | STNR - (0.61, 0.43) (0.52, 0.57) -
5/27 | STSR - (0.66, 0.48) (0.65, 0.70) -

in cases when the three quarks are identical, as they are in the nucleon or the €. In that
case, the variational diagonalization automatically selects o, = . In Tables 5.2 and 5.3,
we show only some values of the size parameters. Table 5.2 shows the size parameters of
Ag baryons and nucleons, while Table 5.3 shows the corresponding parameters of 2y and
= baryons. The other size parameters, for the states that are significant for this work, are
related to those presented. For instance, for the 1/2] states, the size parameters are the
same as for the 1/2% states. Furthermore, since we do not include a spin-orbit interaction
in our Hamiltonian, the size parameters for the 1/2~ and 3/2~ states are identical. We do
not show the size parameters for the Ag states with Q = ¢, s and J” = 3/2T or 5/27, nor
do we show =, Qg states with Q = ¢, s and J¥ = 5/2% or 7/2" mainly because we find that

semileptonic decay rates to these states are very small.
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5.1.1 Mass Spectra

Portions of the four mass spectra we obtain are shown in Tables 5.4 and 5.5. In these
tables, the first two columns identify the state and its experimental mass, while the next
four columns show the masses that result from the models that we use. The small hyperfine
interaction that we alluded to in the previous subsection has resulted in ground state nucleons
that are too heavy, in all models. In addition, the ground state A (not shown in the tables)
is too light in all models. Similar patterns emerge when the various Ag and X (not shown)
states are compared. The size of this interaction also results in ‘radial’ excitations that are too

heavy, even heavier than usually result in models like these. We note, too, that the different

Table 5.4: Baryon masses in GeV fitted in different quark models. The first two columns
identify the state and its experimental mass, while the next four columns show the masses
that result from the models that we use.

State Experimental Mass | HONR HOSR STNR STSR
N(1/2%) 0.94 1.00  1.08 1.08  1.08
N(1/27) 1.44 1.76 160 181  1.70
N(1/27) 1.54 1.45 1.44 1.50 1.47
N(3/27) 1.52 1.45 1.44 1.50 1.47
N(3/2%) 1.72 1.72 169 178  1.77
N(5/2%) 1.68 .72 1.69 178  1.77
A(1/27) 1.12 1.23 1.23 1.12 1.10
A(1/2]) 1.60 1.73 181 161  1.55
A(1/27) 1.41 154 162 150 156
A(3/27) 1.52 154 162 150 156
A(3/27) 1.89 1.81 1.81 1.77 1.87
A(5/2%) 1.82 1.82 181 177  1.87
Ac(1/27) 2.28 2.35 2.32 2.26 2.22
Ao(1/27) 2.59 261 270 261  2.68
A(3/27) 2.63 261 270 261  2.68
Ay(1/27) 5.62 562 562 562  5.62

models give very similar results for many of the states such as the N(1/2%), N(1/27),
A(1/27) and A,(1/2%), for instance, but for some states such as N(1/2])(1440), there are
striking differences in the masses obtained. To obtain the results shown in Tables 5.4 and

5.5, we fit the hamiltonian parameters only to those states where the experimental masses
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are known. We note that for the (2 and = states, the predicted masses are in satisfactory

agreement with the available experimental values.

Table 5.5: Baryon masses in GeV in different quark models. Hamiltonian parameters for
each model are fit to the experimental masses where known; the other masses are predictions
of each quark models. The first two columns identify the state and its experimental mass,
while the next four columns show the masses that result from the models that we use.

State Experimental Mass | HONR HOSR STNR STSR
=(1/27) 1.32 136 143 143 142
=(1/2{ (rad)) 204 193 210  2.00
5(1/2;(0rb)) 2.29 2.08 2.24 2.18
=(3/27) 1.53 1.51 1.50 1.49 1.47
2(3/2] (rad)) 2.12 2.03 2.25 2.16
=(3/25 (orb)) 215 205 241  2.35
=(3/27) 1.82 1.83 179 189  1.89
=(5/27) 184 180 183 1.9
Q(3/2%) 1.67 1.67 167 163 162
Q(3/2f (rad)) 219 214 238 224
Q(3/25 (orb)) 2.24 2.21 2.21 2.24
Q(1/2} (rad)) 240 209 228 218
Q(1/25 (orb)) 241 222 253 224
Q(3/27) 1.97 1.95 1.93 1.95
Q(5/27) 1.97 1.95 1.94 1.96
Q.(1/2) 2.70 270 274 274 271
Q.(1/2f (rad)) 322 317 329 324
Q.(1/25 (orb)) 3.35 3.24 3.34 3.34
0.(3/27) 2.76 2.74 2.76 2.72
Q.(3/2] (rad)) 3.23 3.19 3.33 3.26
Q.(3/25 (orb)) 3.26 3.23 3.30 3.33
0.(1/27) 3.02 3.00 3.08 3.06
0.(5/27) 3.02 3.00 3.08 3.06
Qp(1/27) 6.04 6.01 6.09 6.09

5.1.2 Wave Functions

For many of the states that we treat, the wave functions that result are, to a very good
approximation, the single component wave functions shown in Section 3.1. This turns out

to be a particularly good approximation for the orbitally excited states such as the 1/2~
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and 3/27 states, for all but the nucleon states. For the A(1/27) and A(3/27), for instance,
the dominant component has a coefficient [the n; of Eq. (A.2)] of at least 0.985 in all of the
models. We treat such states as being single component states, and this will introduce errors
of about a few percent (typically less than three percent for the particular states mentioned,

usually much less for the states containing a ¢ or b quark).

Table 5.6: Mixing coefficients (n;) of the two lowest lying 1/2% states in different flavor
sectors. The 7; are defined in Appendix A.

Baryon states HONR HOSR

i T2 73 m T2 N3
N(1/27%) 0.979 -0.150 0.034 | 0.989 -0.110 0.028
N(1/21) 0.022 0.522 0.825 [-0.026 0.579  0.800
A(1/27) 0.994 0.005 -0.069 | 0.998 0.003 -0.035
A(1/27) 0.047  0.149 0.962 | 0.018 0.650  0.750
A(1/27) 0.999 0.001 -0.020 | 0.999 <0.001 -0.012
A(1/27) 0.017  0.100 0.993 | 0.010 0.361  0.931
Ap(1/27) 0.999 <0.000 -0.003 | 0.999 <0.001 -0.004
Baryon states STNR STSR

Ui 2 3 M 2 3
A(1/27) 0.900 0.208 0.382 | 0.875 0.313  0.368
A(1/27) -0.177  0.977 -0.115 | -0.279  0.950 -0.152
A(1/27) 0.917 0.137 0.374 | 0.877 0.289  0.382
A(1/27) -0.138  0.989 -0.059 | -0.257 0.957 -0.132
Ap(1/27) 0.915 0.141  0.378 | 0.876  0.286  0.390

Significant mixing occurs only in the 1/2% sector, for all flavors of baryons, particularly
in the Sturmian models. The mixings that result are tabulated in Tables 5.6 and 5.7, for all
four models. In these tables, we show the wave function coefficients for the two lowest 1/2F
states, in each flavor sector, in each model (in the case of the nucleon, we show only the
results from the HO models) for the Ag baryons. In the same way significant mixing occurs in
the ground states (1/2%,3/2%) of the = and € baryons, in the Sturmian models. Harmonic
oscillator wave functions for these states have essentially one component. In Table 5.7 we
show only the mixing of the 1/2% and 3/2% states of = and € in the Sturmian models.

The mixing shown in these tables complicates the extraction of the form factors. However,

in all results that we show for the form factors and the decay rates, this mixing of the three
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Table 5.7: Mixing coefficients (7;) of the two lowest lying 1/2%,3/2" states of = and .. The
n; are defined in Appendix A.

Baryon states STNR STSR
Ui 2 3 Ui 2 13

=(1/27%) 0.947 0.208 0.244 | 0.964 0.154 0.217
=(1/27) -0.313  0.771 0.554 | -0.263 0.669 0.694
=(3/21) 0.937 0.240 0.253 | 0.949 0.203 0.239
=(3/27) -0.237 -0.097 0.967 | -0.152 -0.370 0.916
Q.(1/27) 0.943 0.315 0.106 | 0.949 0.273 0.152
Q.(1/27) -0.181 0.220 0.958 | -0.218 0.231 0.948
Q.(3/27) 0.942 0.331 0.044 | 0.950 0.297 0.097
Q.(3/27) -0.124 0.224 0.967 | -0.166 0.215 0.962
Qp(1/27) 0.933 0.291 0.210 | 0.933 0.253 0.256

quark states is properly accounted for. Note that in the wave functions for A and N shown
in Table 5.6, there is also some contribution from the term in 7. However, this component
of the wave function has negligible overlap with the wave function of the parent baryon, and

so is neglected here.
5.2 Form Factors and Decay Rates: Ag

In our calculation of the form factors, we have assumed that we can use non-relativistic
approximations for the operators. This means that we have ignored terms in the various
quark model operators that appear at order 1/ mg, 1/ mé, and above. Such terms have also
been ignored in writing the hadronic matrix elements. However, in extracting the form
factors for the semileptonic decays of the Ag, we have kept, and shown, terms that are of
order 1/(mgymg). To examine the validity of this treatment, we write each form factor as
o= o, tpo, oo, 1 peo
' mg mq mgmq "
= _f/ri(o) + :Fi(q) + ]:i(Q) + ]_—i(fJQ) (5.1)
and show the values for E(O), ﬂ(q), etc., in Table 5.8. In this table, we show only the results
for the HONR and STNR models.
For the elastic decays, the form factors I} and G; are dominant, while all other form

factors are subdominant. For 1/2 final states, Fy, G; and G5 are dominant, while for 3/27,
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F; and G are the dominant form factors (not shown in Table 5.8). In each case, we see
that the F© or G term is significantly larger than the ‘higher order’ terms, as expected.
The numbers in this table suggest that the convergence in 1/m, is rapid, modulo the model

dependence.

Table 5.8: Form factor components F; and G; as defined in Eq. (5.1), evaluated at the non-
recoil point. The components are shown for the HONR (HO) and STNR (St.) models. The
columns labeled ‘A, are for the A, — A® form factors, while those labeled ‘A,’ are for the
Ay — AY form factors.

JP=1/2% T =1/2"
form Ac Ab Ac Ab
factor | H.O.  St.  H.O. St. |HO. St HO. St
7O 1098 097 099 099 |0 0 0 0

F9 o054 078 020 028 |036 032 016 0.12
F@ 1023 015 008 005 |-0.04 -0.04 -004 -0.01

79 |o 0 0 0 124 -171 -1.34  -1.60
F9 054 072 020 -026 |036 032 016 0.12
9 1o 0 0 0 034 -043 -0.11 -0.14
7Y 1o 0 0 0 0 0 0 0
F o 0 0 0 0 0 0 0

F9 1021  -011 -007 -0.04 |034 043 008 0.14
© 1098 097 099 099 [124 171 134 160

G2 1o 0 0 0 0 0 0 0
@ 1o 0 0 0 0.04 0.02 002 0.01
O 1o 0 0 0 124 -171 -1.34  -1.60
G |.054 -072 -020 -026 |036 032 016 0.12
@ 1o 0 0 0 0.08 0.06 004 0.03
O 1o 0 0 0 0 0 0 0
G 1o 0 0 0 0 0 0 0

@ 1023 011 008 004 |008 007 004 003

5.2.1 A.— A® Decay

In Table 5.9 we show the values of the form factors at the non-recoil point, for the decays

A. — A, for both elastic and inelastic channels. In this table, the results from all four
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models are presented. The results we obtain for the elastic channel are consistent with the

predictions of HQET as estimated by Scora [57].

Table 5.9: The form factors for A, — A®) transitions, calculated at the non-recoil point, in
the four models used here.

spin | model | F} F, F; Fy Gy Gy Gs Gy

1/27 | HONR | 1.75 -0.54 -0.23 - 098 -0.54 0.23 -
1/27 | HOSR | 1.76  -0.55 -0.24 - 098 -0.55 0.24 -
/27 | STNR | 1.90 -0.72 -0.11 - 097 -0.72 0.11 -
/27 | STSR | 1.78 -0.66 -0.09 - 0.92 -0.66 0.09 -
1/2= | HONR | 0.32 -1.22 0.34 - 1.20  -0.80 0.08 -
1/2= | HOSR | 0.42 -1.02 0.30 - 1.14 -0.61 0.10 -
1/2= | STNR | 0.28 -1.82 0.43 - 1.73  -1.42 0.07 -
1/2= | STSR |0.36 -1.30 0.31 - 1.38  -1.04 0.08 -

3/2= | HONR | -1.83 0.46 0.37 -0.14 -1.00 0.46 -0.37 0.14
3/27 | HOSR |-1.81 0.52 0.35 -0.18 -0.94 0.52 -0.35 0.16
3/2= | STNR |-2.61 0.76 043 -0.13 -1.42 0.76 -0.47 0.13
3/2= | STSR |-2.03 0.58 0.34 -0.13 -1.11 057 -0.38 0.13

In their treatment of the process A, — Aetv, the CLEO Collaboration have used the
leading order predictions of HQET to analyze the decay rate in terms of two form factors,
&1 and &. In terms of the form factors that we have been using, these HQET form factors

are

&1 L+ Fy/2, & =Fy/2,
&1 = Gi1—Gof2, L =Gy)2 (5.2)

The two sets of equations above arise from inverting Eqs. (2.30) either in terms of the F;
or the GG;. In Table 5.10, we show the values we obtain for the ratio &/, evaluated at
the non-recoil point. We also show the value obtained by the CLEO Collaboration in their
analysis. We note that CLEO present a single value for the ratio of form factors, while we
have two sets of values, arising from the two equations above. These two expressions give
values for this ratio that are different, but not disturbingly so. The vector ratio (involving the
F;) tends to be smaller than the axial-vector ratio (involving the G;), and both are smaller

than the ratio extracted by the CLEO collaboration. The differences among the numbers we
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obtain using the two methods can be traced back to the 1/mg terms in Fy; if those terms

are ignored, both methods give the same value for the ratio.

Table 5.10: The ratio & /& for A. — A(1/2%). The first row is obtained using the vector
relation defined in the text, while the second row is obtained using the axial-vector relation.

& /& HONR HOSR STNR STSR CLEO
Vector -0.18 -0.18 -0.23 -0.23 -0.31
Axial Vector | -0.21 -0.22 -0.27 -0.26 -0.31
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Figure 5.1: Form factors for A, — A(1/2") obtained using harmonic oscillator wave functions
(left panel, HOSR and HONR models) and Sturmian wave functions (right panel, STSR and
STNR models). In each panel, the solid curves arise from the semirelativistic version of
the model, while the dashed curves arise from the non-relativistic version. Note that Fj is
indistinguishable from G5 in all cases.

Figure 5.1 shows the ¢* dependence of the form factors for the elastic transition
A. — A(1/27), calculated in the HONR and HOSR models on the left, and in the STSR
and STNR models on the right. In each panel, the solid curves arise from the SR version
of the model, while the dashed curves are from the NR version. If we compare the form

factors shown in Figure 5.1, we see that those calculated using the Sturmian wave functions
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dr/dq” (s 'GeV™)

6x10"F 8

have larger slopes near the non-recoil point (maximum ¢*) than those calculated using the
harmonic oscillator wave functions. The form factors calculated in the different models all
have similar values near the non-recoil point (as seen in Table 5.9). The larger slopes in the
case of the Sturmian model form factors means that we can expect smaller integrated rates
from the STSR and STNR models.

The differential decay rates, dI'/dq?, that we obtain in the four models are shown in
Figure 5.2. For these rates, we use |V.s| = 0.974. In these figures, we show the differential
rates for decays to the elastic channel, as well as for two orbital excitations, the states with
JP =1/27 and 3/27. We have also examined the differential decay rates to the 3/27 and
5/2% orbitally excited states, as well as to the 1/2% radially excited state. With the exception

of the latter, we find these rates to be significantly smaller than those shown in this figure.

4x10"T

15

q(GeV?)

Figure 5.2: The differential decay rates for different A, — A®) transitions, in the different
models that we use. The curves on the left arise from the two versions of the harmonic
oscillator model, while those on the right are from the Sturmian models. The curves are for
exclusive final states with J£ = 1/2%, 1/27 and 3/2. Also shown are the differential decay
rates obtained by adding the exclusive modes described (labeled as ‘total’). In each panel,
the solid curves arise from the semirelativistic version of the model, while the dashed curves
arise from the non-relativistic version.

As expected from the plots for the form factors, the differential decay rates that arise

from the Sturmian wave functions for the ground state show a larger variation over the

66



Table 5.11: Integrated decay rates for A, — A®) in units of 10''s~!, for different A states in
the four models we consider. The last row shows the ‘elastic fraction’ obtained in our model,
where the decays shown in the table are assumed to saturate the semileptonic decays.

Spin [(HONR) I'(HOSR)[T(STNR) I(STSR) [ Expt. [00]
1/2% 2.10 2.36 0.79 1.11 1.05% 0.35
172 0.19 0.29 0.12 0.15 -

3/2° 0.04 0.06 0.06 0.05 -

1727 0.02 0.02 <0.01 <001 |-

total 2.35 2.73 0.97 1.31 -

T'n/Tiotar | 0.89 0.86 0.81 0.85 1.0 (assumed)

allowed ¢? range. We also point out that the most noticeable difference between the NR and
SR versions of a particular model is seen in the differential rate for the elastic decay.

The integrated decay rate for the different final states in the different models are shown
in Table 5.11. As anticipated above, the total semileptonic decay rates that we obtain in
the harmonic oscillator models are significantly larger than those obtained in the Sturmian
models. This effect is largest in the elastic decays, where the HO models predict decay
rates that are more than twice as large as the ST models. We note that the elastic rates
predicted by the ST models are much closer to the experimentally reported rate [60] than
those predicted by the HO models. From Table 5.11, it is clear that, while the elastic channel
dominates the decay rate of the A., it does not saturate the decay. In each model, we find
that the decay rate to the 1/27 state is roughly one tenth of the elastic decay rate, while the
decay rate to the 3/2~ state is about five percent of the elastic. Decays to these two excited
states account for about 15% of the total decays of the A, assuming that decays to other
excited states are negligible. It is also interesting to note that the ratio I'y /T'iota; is almost
independent of the model that we use, even though the absolute rates are very different in
the different models.

The assumption that the channels we explore saturate the resonant decays of the A, is
certainly consistent with the results we have obtained with the other states that we consider.
First we point out that phase space limits how many excited A states can be considered,
and the higher the excitation, the more limited the phase space available for producing

such a state. For some final states for which there might be sufficient phase space to allow
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the decay, the spin-space structure of the state allows little overlap with the initial baryon,
and configuration mixing that could involve components with larger overlap with the initial
baryon is very small. In addition, angular momentum factors (in orbitally excited states)
lead to suppression of the decay rate.

We can compare our predictions for decays to the excited A states with the assumption
made by the CLEO Collaboration [60], that the elastic channel saturates the semileptonic
decays of the A.. In our models, we find that between 11% and 19% of the A, semileptonic
decays are to excited states. In addition, our branching fraction (of 81% to 89%) to the
ground state A must represent an upper limit, as we have not included any non-resonant
production of multi-particle final states. It appears difficult to understand the lack of
evidence for any decays to excited states in Ref. [60]. This article reports no signal for
decays of the kind A, — AXeTv, and this is taken as evidence of saturation. However,
the excited A states that we consider do not decay to Am, the most obvious decay mode
to search for, as this decay is isospin violating. They will predominantly decay to 37 final
states. In fact, the 1/27 state, the A(1405), has a 100% branching fraction to X, while
the A(1520), the 3/2~ state, has roughly equal dominant branching ratios to X7 and NK,
with only about ten percent going into Azwmw. Thus, our suggestion is that CLEO should
investigate final states like X7/ and N K/v, and not states like Armlv.

The results discussed above are obtained using the assumption that the lightest of the
JP = 1/27 A states, identified with the Sp; state A(1405) found in analyses of scattering
data, is a three-quark state. There are a number of other descriptions of this state in the
literature, such as a dynamically generated bound state [73], and a multi-quark state [74].
If the CLEO Collaboration (or other groups) search for decays of the A, to excited A states,
especially the A(1405), and find no such decays, this would be a strong hint that this state
is not a simple three quark state, as we have assumed.

Our estimate of the fraction of A. decays to excited states has important consequences
for the absolute normalization of the branching fractions to the more than sixty observed
final states in A decay. Most of these branching fractions are measured relative to the
decay mode AT — pK~7t, and the absolute branching fraction of this mode cannot be
extracted from data without introducing model dependence. One of the two important
techniques for this extraction is based on measurements [75, 76] of the cross section for AT X

production in e*e” annihilation, with the subsequent semileptonic decay A} — A¢Tv,. The
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extraction relies on the assumption that the fraction f of decays AT — X /*v, that have X
as the ground state A is unity (the elastic channel saturates the semileptonic decays), with
a significant uncertainty. Our calculated value f = 0.85, with an error of 0.04 estimated by
evaluating f in four different models, changes the central value of this parameter and may
allow a reduction in the assumed error from model dependence in the extracted absolute

branching fractions.

5.2.2 Ay — Ag*) Decay

In Table 5.12 we show the values of the form factors at the non-recoil point, for the decays
Ay — A((;*), where this notation means that the A. may be in an excited state. The results
from all four models are shown, along with the results from a lattice study [15]. The lattice
results are actually given as multiples of {(w), evaluated at the non-recoil point, and Ref. [1]
reports a number of different values for £(w). In the ‘physical’ limit, values £ (1) = 1.030 15
and ¢V)(1) = 0.8740.22 are quoted, where the two extractions are from the axial and vector
currents, respectively. The results we obtain for the elastic decays are consistent with the
predictions of HQET as estimated by Scora [57], as well as with these lattice simulations.
Figure 5.3 shows the ¢? dependence of the form factors for the elastic decay of the A,
calculated in the HONR and HOSR models on the left, and in the STSR and STNR models
on the right. In each panel, the solid curves arise from the SR version of the model, while
the dashed curves are from the NR version. As we noted in the case of the A, — A(1/27),
the form factors obtained in the Sturmian basis have significantly larger slopes than the
corresponding form factors calculated in the harmonic oscillator basis, at the non-recoil

point.
In terms of the Isgur-Wise function £(w) for the elastic decay of the A, the form factor

F is

2mc me

F = {1+]\( ! +L)}§(w), (5.3)

where A = my, — my, = ma, — m, at leading order in the heavy quark expansion. From the

forms given in Appendix C, and with the identification A ~ 2m,,, we can extract

E(w) ~ exp (— Bmffc p—) (5.4)
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Table 5.12: Form factors of A, — A,(;*), calculated at the non-recoil point, in the four models

we use.

JP model F1 F2 F3 F4 G1 G2 Gg G4
1/2* [ HONR | 1.27 -0.20 -0.08 - 099 -0.20 0.08 -
1/2* | HOSR | 1.24 -0.18 -0.08 - 097 -0.18 0.08 -
1/2 | STNR | 1.28 -0.26 -0.04 - 098 -0.26 0.04 -
1/2+ | STSR | 1.20 -0.22 -0.03 - 092 -0.22 0.03 -
1/2% | Lattice | 1.284:0.06 -0.1940.04 -0.0675; - 0.99 -0.24750, 0.09+£0.02 -
1/2= [ HONR | 0.12 -1.20 0.11 - 121 -1.05 0.03 -
1/2= | HOSR | 0.15 -0.95 0.09 - 101 -0.82 0.04 -
1/2= | STNR | 0.10 -1.63 0.14 - 161 -1.50 0.03 -
1/27 | STSR | 0.11 -1.21 0.10 - 124 -1.12 0.03 -
3/2~ | HONR | -1.33 0.17 0.13 -0.06 -1.03 0.17 -0.13 0.06
3/2- | HOSR | -1.13 0.15 0.12 -0.05 -0.87 0.15 -0.12 0.05
3/27 | STNR | -1.75 0.25 0.15 -0.05 -1.36 0.25 -0.22 0.05
3/2- | STSR | -1.31 0.16 0.11 -0.05 -1.04 0.16 -0.18 0.05

in the harmonic oscillator basis, or

1
2
m2
1+ 225

in the Sturmian basis (assuming single-component wave functions), and we have assumed

E(w) ~ (5.5)

that ay = ay = «, B\ = By = 3 in the heavy quark limit. Writing
p* =m} (w —1) = 2m3 (w—1),

the above expressions become

t(u) ~ o (-2 (- 1)

in the harmonic oscillator basis, or

2
=
&

§(w)

in the Sturmian basis.
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Figure 5.3: Form factors for A, — A.(1/2") obtained using harmonic oscillator wave
functions (left panel, HOSR and HONR models) and Sturmian wave functions (right panel,
STSR and STSR models). In each panel, the solid curves arise from the semirelativistic
version of the model, while the dashed curves arise from the non-relativistic version. Note
that F; is indistinguishable from G4 in all cases.

The Isgur-Wise function may be expanded as
2

§w) =1=pw—1)+T(w=12+.... (5.9)
where the slope of the form factor at the non-recoil point has been denoted p?, and the
curvature is denoted 2. Rigorous bounds have been placed on the values of both the slope
and curvature parameters for meson decays, and some models have difficulty in satisfying
those bounds. In particular, in the model of ISGW [3(], a factor x was introduced by hand
(see the discussion between Eqs. (B2) and (B3) of Ref. [30]) to modify the ¢* dependence

of the form factors. In our model, the equivalent procedure would be to change Iy in Eq.

(C.1) from
7 oz?j\/ 204?\{2 exp 3m2  p?
H pr— —_— X —_ —
a3 2m3, a3y

a2l 3m2  p?
In=\—=g-—|ep|—5 2 27 |
ROV Mp g 7O
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The argument used by ISGW was that this factor of x would take into account ‘relativistic
effects’. The effect of this change is shown in Figure 5.4, where the form factors for A, — A,
are plotted as functions of w = v - ', for the two harmonic oscillator models (upper graphs).
For comparison, the lower graph shows form factors obtained in the Sturmian basis, also as
functions of w. The graph on the upper left shows our calculated form factors, while that

on the upper right shows form factors including the factor of .

§ ~F ®)
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Figure 5.4: The elastic form factors for the decay of the A, as functions of w. The upper
two graphs arise from the harmonic oscillator model, while the lower graph is from the
Sturmian version of our model. Among the upper graphs, the panel on the left shows the
form factors obtained in this work, while those on the right incorporate a ‘relativistic’ factor
in the exponential (see text).

Table 5.13 lists the slope of the Isgur-Wise function that we have extracted, at the
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non-recoil point, in both the harmonic oscillator and Sturmian models, as well as in the
‘relativistically modified’ harmonic oscillator model (using the factor ). The slopes of the
form factor near the non-recoil point are larger in the Sturmian models than in the harmonic

oscillator models. This is easily understood by noting that the value of p? is

2
P = 3% (5.10)
in the HO models, and
2 m;

in the ST models. The extra factor of two in the latter case arises because the form factors
in the ST models have a dipole dependence on w. A corresponding monopole form would
give the same slope as the HO models. Since the values of m, are similar in the two sets
of models, and the values of a are not very different from the values of 3, the ST models
will give slopes that are roughly twice as large as the HO models. In the same way, it is
easily shown that the ST models lead to curvatures that are about six times as large as those

obtained in the HO models.

Table 5.13: Slope of the Isgur-Wise function, evaluated at the non-recoil point, for the elastic
decay of the Ay.

model HONR HOSR HONRx HOSRx STNR STSR
dé(w)/dw | -1.38  -1.33 282 271 571 -3.27

The k-modified harmonic oscillator model leads to slopes that are similar to those
obtained in the Sturmian models, since the value chosen for x was 0.7 (so that 1/xk* ~ 2).
Relativistic effects do not need to be invoked to obtain the large slopes obtained in the
Sturmian models. The differences in the slopes are simply artifacts of the expansion bases
used for the wave functions.

In the follow-up article to Ref. [30], Scora and Isgur [77] rewrite the quark model form
factors, explicitly replacing the exponential factor that arises with the harmonic oscillator

wave functions. The change they make is

L, mp —mp)? — 2 b — 1 '
exp{—érwf[( B ) (J]} {1+6LN7‘2[(mB—mD)2—q2]}N7 (5.12)
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where 72, is the value obtained from the harmonic oscillator wave functions, and

3
2 _ 2 2
re = Tmgm, + 7% + TQeD (5.13)

where the last term arises from matching of currents in HQET with full QCD. In Eq. (5.12),
the integer N = 2+ n + n’, where n and n’ are the harmonic oscillator principal quantum
numbers for the initial and final wave functions. The final forms that they used are therefore
very similar to the forms that we have obtained in the Sturmian models.

The values we have obtained for the slope of the Isgur-Wise function in our Sturmian
models are significantly larger than the value obtained recently by Huang et al. [78] using
a HQET approach based on QCD sum rules: their value for p? is less than 1.5, similar to
the values we obtain in the HO models. In a recent analysis of the A, form factor measured
in hadronic Z decays, the DELPHI Collaboration [(1] found p? = 2.03 4 0.46, where the
error shown is statistical. They also reported two sets of systematic errors, each comparable
to the statistical error. This result means that for the Sturmian models, we will obtain
integrated decay rates that are significantly smaller than the DELPHI rate. In the lattice
study by Bowler et al. [15], the reported slope is 1.1 + 1.0. A more recent lattice study
with O (a?, a,a?) improved lattices [10] does not quote values for the slope. However, a
conservative estimate from the graphs they present gives values for p? that appear to be
consistent with the large values we obtain in the ST models.

Also of some interest is the curvature of the Isgur-Wise function, denoted ¢2. In the HO
models with no modifications, the prediction is that oo = (pfio)?, while the ST models give
odr = 3(pir)?/2. Bounds on the curvature of the Isgur-Wise function for meson decays have
been derived by Le Yaouanc, Oliver and Raynal [79]. To the best of our knowledge, no such
bounds have been derived for baryon decays. However, the values of the curvature we obtain
using both the HO and ST models easily satisfy the known bounds for meson decays. Note
that the large slope and large curvature we obtain suggest that the common procedure of
parametrizing the Isgur-Wise function only in terms of its slope parameter, can potentially
lead to significant errors in the extraction of CKM matrix elements.

The differential decay rates dI'/dq® that we obtain in the four models are shown in
Figure 5.5 (assuming |V,| = .041). In these plots, we show the differential rates for the
elastic channel, for the radially excited 1/2] state, as well as for decays to two orbital

excitations, the states with J& = 1/27 and 3/2~. We have also examined the decay rates
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Figure 5.5: The differential decay rates for different A, — AL transitions, in the various
models that we use. The curves on the left arise from the two versions of the harmonic
oscillator model, while those on the right are from the Sturmian models. The upper panels
are for Ay, — A ¢, where £ is e~ or p~. The lower panels are for A, — AP 75 The curves
are for final states with J© =1/2% 1/27 and 3/2".

to the 3/2%, 5/2% states, and found them to be smaller than those shown in this figure,
contributing of the order of one or two percent to the total rate.

The integrated decay rate for the different final states in the different models are shown
in Table 5.14. As anticipated above, the total semileptonic decay rates that we obtain in
the harmonic oscillator models are significantly larger than those obtained in the Sturmian
models. This effect is largest in the elastic decays, where HO models predict decay rates

that are more than twice as large as the ST models. Note that, in all models, the decay rate

75



to the 3/2~ state is roughly twice the decay rate to the 1/27 state. In the heavy quark limit,
this ratio of decay rates is expected to be two, and results from arguments that are similar

to spin-counting arguments.

Table 5.14: Rates for A, — ALY decays in units of 101%s~L. The first five rows of numbers
are for decays with a muon or electron in the final state, while the last four rows are for
decays with a 7 in the final state. The rows labeled ‘total’ are obtained by adding the
exclusive decay rates shown in the table, while the row with the branching fractions assumes
that the exclusive channels shown saturate the semileptonic decays of the A,. The elastic
fraction reported by the DELPHI collaboration (fifth row of numbers, sixth column) is
L(Ap—Acty) The errors on both numbers from DELPHI are statistical

aCtuaHy D(Ap—Aclvg)+T (Ap—Acmmlig)
and systematic, respectively.

Jr T(HONR) [(HOSR) I(STNR) I(STSR)| [Ipripmr
1/2% 4.60 5.39 1.47 2.00 | 4.077)0"0
1/2 0.45 0.52 0.26 0.27 -
3/2 0.95 0.90 0.63 0.60 -
Total (A™¢-1) 5.95 6.81 2.36 2.87 -
Ta./Tiotal 0.76 0.79 0.62 0.69 | 0.477050F007
1/2+ 1.90 2.09 0.82 1.00 -
1/2 0.10 0.11 0.08 0.07 -
3/2 0.15 0.13 0.14 0.12 -
Total (AL 7=w,) [ 215 2.33 1.04 1.19 -

Table 5.14 also shows that a significant fraction of the semileptonic decay of the A, is
inelastic. This is analogous to what has been seen in B semileptonic decays, where the elastic
channels account for no more than about 80% of the total semileptonic decay rate. For the
Ay, our predicted ratios are similar, ranging from 62% to 77% of the total semileptonic
decay rate. We have estimated the total semileptonic decay rate by assuming that the three
exclusive modes shown in Table 5.14 saturate the semileptonic decays (rates to other states
that we have examined are significantly smaller than those shown in the table). Using these
numbers, we obtain predictions for the total semileptonic decay rate of the Ay, also shown
in Table 5.14.

For comparison, the PDG [5] gives a rate of 7.486 & 2.105 x 10'%s~! for the inclusive
semileptonic decay A, — A v+ anything. This is significantly larger than any of the
total semileptonic widths we obtain, but the authors of the PDG emphasize that this value
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results from assumptions about the fragmentation of b quarks into baryons, and ‘cannot be
thought of as measurements’ [5]. The DELPHI value for the elastic semileptonic decay rate
is also shown in Table 5.14. As anticipated, the rates we obtain in the Sturmian models are
significantly smaller than the DELPHI rate, while those obtained in the harmonic oscillator
models are consistent with the DELPHI measurement.

The above examination of the decays of the A, found that the Sturmian models provided
rates that were consistent with the CLEO measurements, while the harmonic oscillator
models gave rates that were twice as large. This suggested that the Sturmian models might
be more reliable. For the A, decays, we see that the harmonic oscillator models provide rates
that are more consistent with the single measurement available to date. For the Sturmian
models, the predicted rates are about 20 away from the reported value, if the systematic
and statistical errors are treated in quadrature.

The DELPHI Collaboration also reported on the elastic fraction of the semileptonic

decays of the A,. For the ratio A oA ?pﬁf&?ﬁjﬁ Kotz they find a value of 0.4770 33567,

with no evidence for resonant decays. This ratio is smaller than we predict, in all models.
However, our predictions must be thought of as upper limits for the elastic fraction, as we
do not include any non-resonant semileptonic decays. We note that our predicted ratios are
already somewhat smaller than those reported in the decays of B mesons, while the DELPHI
ratio is smaller still, suggesting that there are significant differences between the semileptonic
decays of the heavy baryons and those of the heavy mesons. If the DELPHI results for both
the elastic rate and the elastic fraction are not modified by future experiments, this aspect

of the physics of heavy hadrons will require further scrutiny.

5.2.3 Ag— N®) Decay

The decays of the A to final states consisting solely of light quarks are interesting as they
provide an alternate means of extracting CKM matrix elements like V,;. The expectation
from HQET is, modulo 1/mg effects, that the form factors that describe the A, — n
semileptonic decays will be the same as those describing the A, — p semileptonic decays.
To explore this, we now examine the form factors for these two decays.

In Figure 5.6 we show the form factors év), §§A) and & for the transitions A. — n and
A, — p, obtained in the two harmonic oscillator models. The two forms fiv’A) are found

using the two sets of equations in Eq. (5.2). The value of & is independent of which of the
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Figure 5.6: Form factors §§V) (top left), fEA) (top right) and & (bottom) for the transitions
A. — n and Ay — p. All curves arise from the harmonic oscillator models, with the solid
curves corresponding to HOSR, and the dashed curves to HONR. The two plots for &; arise
from the two ways of evaluating this form factor, shown in eqn. (5.2).

two sets of equations we use, up to the order to which we calculate the form factors. In both
the non-relativistic and semirelativistic versions of the model, the two curves for §§A) (top
right plot in Fig. 5.6) are very similar, indicating that the HQET prediction, that this form
factor should be the same for both transitions, indeed holds up to small corrections. For
the semirelativistic version, the two curves are closer than in the non-relativistic case. The
differences seen in the curves for &, which are consistent with those in the curves for §£A),

arise mainly from the differences in the size parameters (o, and a,) between the A, and A,
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states in the models (see Table 5.2). The curves for §§V) (top left plot in Fig. 5.6) show the

biggest differences in going from Ay, — p to A, — n, in both models. Here, the differences

get some contribution from the 1/mg term that is present in F.
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Figure 5.7: Differential decay rates for A, — N®* in the HONR and HOSR models. The
upper panels show the rates for A, — N®+e~1,, while the lower panels show the rates for

Ay — N®+r=5_ both in units of |Vp|?. The panels on the left are from the HOSR model,
while those on the right are from the HONR model.

In Figure 5.7, we show the differential decay rates for A, decaying semileptonically into

the four lowest-lying nucleon states, while Table 5.15 shows the integrated rates into six

exclusive states. Also shown in this figure and table are the rates that we obtain when the

final lepton is a 7. The ground state nucleon is the largest of the CKM suppressed decays of
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Table 5.15: Decay rates of A, — N®)*/i, in units of 10257 x |V,,|2. Also shown are the
rates for A, — N®%*y, in units of 10'°%s~!, obtained using |V,q| = 0.224.

Ab — N(*)Jrgiﬁg Ab — N(*)+Tfﬂ7—
77 | T(HONR) T(HOSR) | T(HONR) T(HOSR)
1/2F 4.55 7.55 4.01 6.55
1/27 2.92 4.44 2.20 3.05
1/2~ 1.42 3.85 1.10 2.73
3/2- 1.52 1.77 1.02 1.04
3/27F 1.06 2.21 0.61 1.14
5/2F 0.78 1.47 0.37 0.52
Total 12.23 21.29 9.31 15.03

A, — N®Opty, - -
127 | 102 1.35 - -
/2= [ 0.02 0.04 - -

the Ay, but it accounts for less than 50% of these decays, in both of the harmonic oscillator
models. A large fraction (about 20%) goes into the first excited state, the Roper resonance,
usually treated as a radial excitation of the ground-state nucleon, as it is in this model.
As with the A(1405) in the decays of the A., this result hinges on the assumption that
the Roper resonance is a three-quark state, and that it is the first radial excitation of the
nucleon. A number of hypotheses for the internal structure of this state have been made, such
as pentaquark partner [30], dynamically generated state [31], and hybrid state [32]. In each
of these scenarios, the rate at which the A, decays semileptonically into this state is affected
by its internal structure. For the three-quark, radially-excited scenario, the prediction is that
decays to this state are about 60% of the decays to the ground state nucleon, a rather large
fraction. If ample Ay’s can be produced, their semileptonic decays may therefore provide
information that can be used in understanding the structure of the Roper resonance.

We have examined decays to other excited nucleons, and those shown in Table 5.15 are
by far the dominant ones. We have also examined one additional 1/2 nucleon state, two
additional nucleon states with J¥ = 3/2%, and one additional nucleon state with J¥ = 5/2%,
none of which are shown in Table 5.15. Of these, the rate to the additional 1/27 state is less
than 1% of the ‘total’ rate that we have estimated, while rates to the additional 3/2% and

5/2% states are similarly small or even smaller. These small rates are a direct consequence
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Figure 5.8: Differential decay rate for A, — n in the HONR and HOSR models.

of the structure of these states, as their overlaps with the decaying A,, in the spectator
assumption, are very small. The only other excited nucleons that may occur with ‘significant’
rate in the semileptonic decays of the A, are those with higher spins, such as 7/27 and 5/27.
However, for such states, orbital angular momentum centrifugal factors will lead to some
suppression of the decay rate.

Figure 5.8 shows the differential decay rate for A, — n, while the integrated decay rates
for two exclusive modes A, — N®)°  obtained using |V,4| = 0.224, are shown in Table 5.15.
It is clear from this table that decays of the A, to excited states of the nucleon are strongly

suppressed, due in part to the reduced phase space.
5.3 Form Factors and Decay Rates: {lg

5.3.1 Q, — Q) Decay

The form factors at the non-recoil point for the 2, — Q) decays are shown in Table 5.16
in all four models we use in this work. In this table we show only the form factors for the
decays to final states with J = 1/2% and 3/2%. These constitute the elastic decays. We
note that the two harmonic oscillator model (HONR and HOSR) form factor values at the

non-recoil points are very close to each other, while the Sturmian model (STNR and STSR)
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form factor values are slightly different from each other. The origin of this difference lies in
the mixing of the wave functions of the €2, and 2. states with spin 1/27 and 3/2% | as shown
in Table 5.7.

It is instructive to compare our form factor values at the non-recoil point with the HQET
predictions for the ground state doublet. For the state with J = 1/2%, the HQET prediction
is Iy =G, = ngl) /3. With the known normalization condition on 1751), this means that we
expect F1 = G; = —1/3 at the non-recoil point. We see that our results for G are very close
to this, but those for F; are not. The deviations from the HQET predictions can easily be
traced to the presence of 1/m, and 1/m¢ terms in the quark model results for F, while no
such terms exist in the model predictions for G;. If such terms are ignored in F; then the
HQET prediction is indeed satisfied in the quark models. Similarly, HQET predicts that F5
and Fj3 should each have the value of 2/3 at the non-recoil point. The model results agree
with this prediction for Fy but not for Fj, and the differences can again be traced to the
presence of 1/m, terms in the quark model results. The HQET predictions for G5 and G are
less easily interpreted, but comparison of those predictions with the quark model calculations
suggests that the Isgur-Wise function 7751) is normalized to 1/2 at the non-recoil point. We
have already raised this point in Section 2.3.5 where we discuss the HQET predictions.

For the state with J” = 3/2%, HQET predicts that F, = —G4 = 2/+/3. This is well
satisfied by the model predictions for G4, but the model predictions for Fy include 1/m,
contributions. Assuming that 7751) is indeed normalized to 1/2 at the non-recoil point, the
HQET prediction is then that G; = 0 and F3 = —G3 = —1/4/3. The quark model results for
(3 are close to the HQET prediction, but those for F3 deviate from this prediction because
of the presence of 1/m, terms in the quark model results.

Figure 5.9 shows the ¢® dependence of the form factors for the elastic transition
Q, — Q.(1/2%) calculated in the HONR and HOSR models on the left, and in the STSR
and STNR models on the right. In each panel, the solid curves arise from the SR version
of the model, while the dashed curves are from the NR version. Once again the difference
in the STNR and STSR form factor curves near the non-recoil point arise because of the
different mixing of the ground state wave functions of €2, and €2.. Here we note that the form
factors calculated using the Sturmian wave functions have larger slopes near the non-recoil
point than those calculated using the harmonic oscillator wave functions. As we have seen in

the Ag decay rates, we expect the integrated €2, decay rates obtained using Sturmian wave
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Table 5.16: The form factors for 2, — Q) transitions, calculated at the non-recoil point, in
the four models used here.

spin | model | F} F Iy Fy Gy Go Gs Gy

1/27 | HONR | -0.48 0.64 0.83 - -033 011 -0.04 -
1/27 | HOSR | -0.47 0.65 0.81 - -033 0.10 -0.04 -
1/27 | STNR |-0.57 0.69 1.03 - -038 0.15 -0.04 -
1/27 | STSR |-0.47 0.56 0.86 - -032 0.13 -0.03 -

3/2% | HONR | 0.80 0.0 -0.80 1.59 0.0 -0.15 0.64 -1.12
3/2% | HOSR | 0.80 0.0 -0.80 1.60 0.0 -0.16 0.64 -1.13
3/2" | STNR | 097 0.0 -0.97 1.94 0.0 -0.27 070  -1.29
3/2t | STSR |0.82 0.0 -0.82 1.65 0.0 -0.22  0.60 -1.11

functions to be smaller than those obtained using harmonic oscillator wave functions.

The differential decay rates, d"/dg?, that we obtain in the four models for different final
states in €, — Q((;*)fug, with ¢ = e™, 4=, are shown in Figure 5.10. For these rates, we use
|Vap| = 0.041. In these figures, we only show the differential rates for the dominant decays
to the two elastic channels, with J¥ = 3/2% and J¥ = 1/2%, and for two orbital excitations,
the states with J¥ = 3/27 and 5/27. We have also examined the differential decay rates
to the 1/27, 1/27, and 3/2; orbitally excited states, as well as to the radially excited state
1/2{ and 3/2] (notations defined in Section 3.1.2). We have found that the branching
fraction for the radially excited states (not shown in the Table 5.17) are small, whereas
the branching fraction for the decays to the orbitally excited states are not insignificant, as
shown in Table 5.17. The bottom panel of Figure 5.10 shows the differential decay rates of
), decaying to different €2, final states but with a 7 lepton.

In Table 5.17 we show the integrated decay rates for the different final states in the four
quark models we use. The first part of this table shows the rate with vanishing lepton mass,
whereas the second part shows the rate when the final lepton is a 7. The last two rows of the
first part of the table present the total decay rate and the ratio of the elastic decay rate to the
total semileptonic rate. As anticipated, the integrated rates obtained in the Sturmian models
are smaller than those obtained in the harmonic oscillator models. However, the branching
fraction for the elastic decay mode is almost independent of the models we used. In two

(HOSR, STSR) of our four models we predict about 61% of €, decays to the ground states

33



Form Factors

o
)

e
o

Form Factors
(e

q'(GeV?)

Figure 5.9: Form factors for ©, — .(1/27) obtained using harmonic oscillator wave
functions (left panel, HOSR and HONR models) and Sturmian wave functions (right panel,
STSR and STSR models). In each panel, the solid curves arise from the semirelativistic
version of the model, while the dashed curves arise from the non-relativistic version.

of Q. and the HONR and STNR models predict about 62% and 67% for the same branching
fraction. This implies that the elastic decay processes dominate the €2, semileptonic decay
but do not saturate it: there is some significant branching fraction to the orbitally excited
decay modes.

We may also compare our decay rates with HQET predictions. As discussed in
Section 2.3.5, there are a number of pairs of degenerate states, such as states with
JP = (1/2%,3/2%), JP = (1/27,3/27), J* = (3/27,5/27). In the heavy quark limit,
the ratio between the rates of the ground state heavy baryon decaying to the states in the
first two degenerate pairs is expected to be 1 : 2, and for the third pair it is 2 : 3. In other
words, for example, we expect to the rate for Q,(1/27) — Q.(3/2") to be twice as large
as the rate for Q,(1/2%) — Q.(1/27). The expected pattern of the rates coming from the
HQET prediction is reflected in all of our quark model calculations, as shown in Table 5.17.
Departures from these predictions are due to 1/m¢ and 1/mg corrections, and the fact that,
for instance, the 3/2~ state shown in the table is not exactly the state in the (1/27,3/27)
multiplet, but contains some admixture of the 3/2~ state from (3/27,5/27) multiplet.
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Figure 5.10: The differential decay rates for different 2, — ol transitions, in the various
models that we use. The curves on the left arise from the two versions of the harmonic

oscillator model, while those on the right are from the Sturmian models. The upyer panels

are for Q, — Q¢w,, where £ is e or 1~. The lower panels are for Q — Q75 The

curves are for final states with J = 3/2%, 1/2% 3/27 and 5/2".

In Table 5.17 we have shown only the rates to those spin states of Q((;*) which have a
significant branching fraction. However, we have calculated the rates of €2, decaying to the
majority of states listed in Eq. 3.6, and we have found that the rates for states not shown

in the table are small (of the order of 1%).
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Table 5.17: Integrated decay rates for €, — Q) in units of 10191, for different (2, states
in the four models we consider. The top part of the table represents the decay rates with
lepton (electron and muon case) mass zero, and the bottom part corresponds to the rates
with non-vanishing mass for the 7 lepton.

Q, — Q¥ -5,
Spin [(HONR) [(HOSR) [T(STNR) [(STSR)
3/2% 2.16 2.51 1.91 1.86
1/2% 1.30 1.40 0.84 0.87
3/2° 0.63 0.75 0.32 0.46
1/2- 0.30 0.38 0.16 0.22
52" 0.50 0.59 0.44 0.56
3/2] 0.33 0.35 0.23 0.24
1/2; 0.38 0.43 0.21 0.28
total 5.59 6.41 411 4.49
To. /Tiotal 0.62 0.61 0.67 0.61
Qb—>Q((;*)T_DT
Spin I'(HONR) [(HOSR) [T(STNR) [I(STSR)
3/2% 0.95 1.06 0.91 0.83
1/2% 0.62 0.64 0.48 0.44
3/2° 0.12 0.13 0.10 0.11
1/2- 0.06 0.07 0.05 0.05
5/2° 0.09 0.10 0.12 0.13
3/2] 0.06 0.06 0.07 0.06
1/2, 0.06 0.06 0.05 0.05
total 1.96 2.12 1.78 1.67

5.3.2 Q,— =% Decay

The Q. — =) decay is a heavy to light decay process, where the charm quark of Q. is
decaying to a light (down) quark. Such a process would best be described in the framework
of HQET as a heavy to light transition. Nonetheless, it is interesting to compare the quark
model predictions for these decay processes with the heavy to heavy predictions of HQET.

Table 5.18 shows the values of the form factors at the non-recoil point for the two elastic
decay processes of 2. — =. The difference between the harmonic oscillator and Sturmian
model values arise because of the significant mixing in the J¥ = 3/2% and JF = 1/2*

state Sturmian wave functions for both €2. and =, whereas the harmonic oscillator models
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predict mostly single component wave functions for these states. We may also compare our
model-predicted form factor values, shown in Table 5.18, with the HQET predictions. As
we discussed in the previous section for final state J¥ = 1/2%, we expect F} and G to be
—1/3 at the non-recoil point in the heavy quark limit. The large deviation of Fj from the
value of —1/3 can be traced to the presence of a 1/m, term in the form factor, and with ¢
being a u quark in the case of =, this next to leading order term makes a large contribution,
comparable to the leading order term. Similar effects, coming from the next to leading
order terms, occur in F3 and G. In the same way we compare the spin 3/2% model form
factor values with HQET predictions at the non-recoil point. A comparison between the
form factor values presented in Table 5.18 and HQET predictions shows that the numbers
are compatible when there is no 1/m, term present in the form factors, such as G3 and Gjy.
Otherwise, we notice significant deviation in our model-predicted form factor values from

the HQET predictions.

Table 5.18: The form factors for 2, — Z*) transitions, calculated at the non-recoil point, in
the four models used here.

spin model Fl F2 F3 F4 G1 G2 Gg G4

1/27 | HONR | -0.82 0.51 1.25 - -031 038 -0.13 -
1/2" | HOSR |-0.88 0.45 1.38 - -032 042 -0.12 -
1/27 | STNR |-0.98 0.41 1.59 - -0.34 051 -0.12 -

1/27 | STSR |-0.97 0.23 1.66 - -031 0.57 -0.09 -

3/2% |HONR | 1.14 0.0 -1.14 228 0.0 -042 0.72  -0.96
3/2% | HOSR | 1.37 0.0 -1.37 2.75 0.0 -0.61 0.76 -1.08
3/2% | STNR | 1.82 0.0 -1.82 3.64 0.0 -0.87 0.85 -1.32
3/2t | STSR |1.70 0.0 -1.70 340 0.0 -094 071 -1.08

—_

The form factors for the Q. — =(1/2") are shown in Figure 5.11 as a function of ¢?. The
left panel shows the form factors obtained in the HONR and HOSR and the right panel shows
the results from the STNR and STSR models. The pattern of the form factors (Sturmian
form factors having larger slopes than those of the harmonic oscillator) in the different models
is similar to what we have seen previously in other decays we have considered.

The differential decay rates, dI'/dq?, for Q. to the dominant final states of Z*) are plotted

as a function of ¢ and shown in Figure 5.12. The right panel shows the differential decay
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Figure 5.11: Form factors for Q. — =Z(1/2%) obtained using harmonic oscillator wave
functions (left panel, HOSR and HONR models) and Sturmian wave functions (right panel,
STSR and STSR models). In each panel, the solid curves arise from the semirelativistic
version of the model, while the dashed curves arise from the non-relativistic version.

rates obtained in the HONR and HOSR models and the left panel shows the results from the
STNR and STSR models. In both harmonic oscillator and Sturmian models we see significant
differences between the non-relativistic and semi-relativistic predictions. Although the
different size parameters obtained in various models play a role in these differences, we
should also note here that this particular decay rate is very sensitive to the values of m,
(0 = s in this decay). Our fitted values for the strange quark mass in different models,
shown in Table 5.1, show significant variation. We have seen similar differences between NR
and SR model differential decay rates for the A, — n decay mode, as shown in Figure 5.8.
The integrated decay rates of (). to various states of = are shown in Table 5.19 in the
four different models we use in this project. The last two rows give the total decay rate
and the branching fraction to the ‘elastic decay’ modes. Even though a small fraction of
Q. decays to the orbitally excited Z*), we note that the two elastic decay modes dominate
the decay. We also note that the rates obtained in Sturmian models are smaller than those
obtained in harmonic oscillator models, with the exceptions of the final state 3/2% and 5/2~

rates. In addition, we see that the predictions for the integrated rates are quite different in
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Figure 5.12: The differential decay rates for different Q. — =) transitions, in the various
models that we use. The curve on the left arise from the harmonic oscillator model, while
those on the right are from the Sturmian model. The curves are for final states with
JP=3/2%, 1/2%, and 3/2".

the NR and SR models. Nevertheless, the predicted elastic fraction shows very little model

dependence.

5.3.3 Q. — Q" Decay

Table 5.20 shows the integrated rates for (2. decaying to €2 in the two harmonic oscillator
models we use. We note that the decay to the ground state (J¥ = 3/2%) almost saturates
the decay, providing 94% of the total decay rate. The lack of phase space suppresses the

decays to the excited 2. We do not present results for Sturmian models.
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Table 5.19: Integrated decay rates for Q. — =) in units of 10'°s~, for different = states in
the four models we consider.

Spin T(HONR) I(HOSR)|I(STNR) I(STSR)
3/2F 0.52 0.76 0.55 0.65
1/2% 0.60 0.78 0.32 0.58
3/2° 0.10 0.15 0.07 0.10
172 0.05 0.07 0.02 0.03
1/2; 0.07 0.10 0.04 0.06
3/2, 0.01 0.02 0.01 0.02
52" 0.01 0.02 0.03 0.03
total 1.36 1.90 1.04 1.47
T=/Tromt | 0.82 0.81 0.84 0.84

Table 5.20: Integrated decay rates for Q. — Q) in units of 10''s~ 1, for different € states in
the four models we consider. The last row shows the ‘elastic fraction” obtained in our model,
where the decays shown in the table are assumed to saturate the semileptonic decays.

Spin ['(HONR) TI'(HOSR)
3/27F 2.57 3.60
3/2 0.08 0.10
1/2- 0.06 0.08
1/2F 0.03 0.03
total 2.74 3.81
Lo/Tiotar | 0.94 0.94
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5.4 Conclusions and Outlook

A constituent quark model calculation of semileptonic decays of heavy baryons, which has
several novel features, is described here. Analytic results for the form factors for the decays
to ground states and excited states with different quantum numbers are evaluated, and
compared to HQET predictions. For both A, — A, and €, — (. transitions, the relations
among the form factors, predicted by HQET, are satisfied by the form factors obtained
in the model, independent of the basis used to describe the baryon wave functions. For
A, — A, decays, the elastic form factors, as well as the form factors for decays to the
(1/27, 3/27) doublet satisfy the HQET relationships up to the order we have examined,
namely 1/m;, and 1/m,. For states of higher spin, we have compared our model form factors
to the HQET predictions at leading order, and the expected relations hold at that order. A
similar observation for €2, — €2, transitions shows that the HQET relationships among the
form factors in the (1/2%, 3/2%), (1/27, 3/27), (3/27, 5/27), and (3/27, 5/2%) doublets are
respected in our predicted form factors at leading order.

These form factors depend on the size parameters of the initial and final baryon wave
functions, and so a fit is made to the spectrum of the states treated here. Two model
Hamiltonians are used, with either a nonrelativistic or semi-relativistic kinetic energy term,
and with Coulomb and spin-spin contact interactions. The wave functions are expanded
in either a harmonic oscillator or Sturmian basis, up to second-order polynomials, and our
numerical results for form factors and rates are calculated using the resulting mixed wave
functions. Four sets of predictions are made for form factors and rates, with wave functions,
size parameters and mixing coefficients arising from fits using both the non-relativistic and
semi-relativistic Hamiltonians, and using the two different bases. The variation among these
predictions can be used to assess the model dependence in the results we obtain.

Interestingly, the form factors for decays to ground state daughter baryons evaluated
using the Sturmian basis for the wave functions have slopes at the non-recoil point that are
significantly larger than those evaluated using the harmonic oscillator basis. As a result,
the corresponding integrated decay rates for A. — A elastic decays, calculated using the
Sturmian wave functions, are smaller than those obtained using the harmonic oscillator basis
wave functions. The Sturmian rates are both consistent within errors with the experimentally

reported A, — A rate of 1.05 £ 0.35 x 10! s71, while those calculated using the harmonic
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oscillator basis are significantly larger. As pointed out by Keister and Polyzou [(69], although
calculations using the Sturmian basis are not as simple as those using the harmonic oscillator
basis, the resulting form factors have shapes which are expansions in inverse powers of
1+ k%/A?, with k the decay three-momentum (in a non-relativistic decay calculation like
ours), and A a constant which is calculated in terms of quark masses and wave function
size parameters. This is closer to the form expected from experimental studies of hadron
decay form factors, and so the use of Sturmian basis functions produces realistic results for
decay calculations even with the inevitable truncations of the basis required for tractability.
Larger scale numerical calculations using the Sturmian basis require fewer basis states than
those using the harmonic oscillator basis to yield accurate energies and decay form factors
for excited states.

Although the use of a semi-relativistic Hamiltonian does not necessarily lead to a better
fit to the spectrum, in calculations using both bases it results in an integrated decay rate for
the A, — A elastic channel that is closer to the central value that has been experimentally
reported. However, the rate obtained in the nonrelativistic version of the Sturmian model is
also consistent (within 1 ¢) with the experimentally reported value.

Decay form factors and rates to all available excited state daughter baryons are evaluated
using these four models. Significant branching fractions are found for A. inelastic semilep-
tonic decays in all four calculations, with the total to all excited states ranging from 11
to 19%. This has important consequences for the absolute normalization of the branching
fractions to the many observed final states in A} decay, most of which are measured relative
to the decay mode A} — pK~n". The extraction of the absolute branching fraction of this
mode, from measurements of the cross section for A7 X production in e*e™ annihilation,
requires knowledge of the fraction f of semi-leptonic decays A} — X f*v, to the elastic
channel. Our predictions for the inelastic branching fraction contradicts the available CLEO
analyses, in which it is assumed that the elastic decay of the A, saturates its semileptonic
decays. A larger fraction, from 23 — 38%, of A, — A. semileptonic decays are found to be
inelastic. Elastic decays of the A, involving tau leptons in the final state are suppressed by
roughly a factor of two because of the reduction in the final-state phase space, and those to
excited baryon states are suppressed more strongly.

HQET predicts that the form factors & and &, defined earlier, should be the same for

the decays A, — N® and A, — N, up to 1/my or 1/m, corrections. Within our approaches,
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we find that the two form factors are very similar, but not identical, with the differences
arising from differences in the size parameters for the A, and A.. In the case of the decay
of the A, to nucleons, we find that the ‘elastic’ fraction is quite small, of the order of 35%
when the leptons produced in the decay are light. A number of excited nucleons contribute
to the total rate, with the radially excited Roper having the next largest branching fraction.
This may be used as a test of the structure of this resonance, if ample A,’s can be produced.

A few features which have been observed in the decays of A, and A, are also present in
our quark model calculation of 2, and 2. decays. The slopes of the form factors for €2, and
Q). decays obtained in the Sturmian model are larger than those obtained in the HO models.
As a consequence, the integrated rates for various decay modes of €2, and 2. obtained in the
Sturmian models are smaller than rates obtained in the HO models.

Experimental measurements of the semileptonic decay rates of €}y are essentially non-
existent, which implies that a comparison of our model predictions with experiment is not
possible. Nevertheless, it is instructive to examine our predictions for the various integrated
rates for €2, and €. decays in light of HQET predictions for these decays. There are a number
of pairs of degenerate states, such as states with J* = (1/2%,3/2%), JF = (1/27,3/27),
JP = (3/27,5/27), for which HQET predicts the relationships between the form factors as
well as the ratio of rates of the degenerate pairs. According to this prediction, the rate for
the Q, — Q.(3/2%) decay is expected to be twice as large as the rate for , — Q.(1/2%)
decay, and the rate for the J” = 3/2~ final state decay is also expected to be twice as large
as the rate for the J© = 1/27 final state decay. In the same way the ratio of the rates for the
final states of the (3/27, 5/27) doublets is expected to be 2:3. These relationships among
the rates of the degenerate pairs are well respected in all our quark model calculations for
the semileptonic decays of 2.

It is also interesting to note that our predictions for the elastic branching fraction of
Qp — ol decay are almost independent of the four models we use and we obtain a fraction
(63%=+ 2) similar to the fraction we obtained for the A, — AL decays. The elastic fraction for
Q. — =™ decays is significantly higher (82%4 2). For semileptonic decay of Q. — Q) 94%
of all decays are elastic. Interestingly, the elastic fraction is essentially model independent
for all Qg decays.

The work presented in this dissertation can be extended in a number of directions. We can

apply our model to the description of the semileptonic decays of the light baryons, although

93



these are already successfully described by Cabibbo theory. Essentially all experimentally
accessible observables for these decays have been measured, and it will be interesting to see
if our model, constructed with no special reference to chiral symmetry or current algebra,
can describe the results of these measurements.

We have not examined the predictions of our model for the many polarization observables
which can, in principle, be measured in semileptonic decays. One example is the asymmetry
parameter ay,, in the decays of the A., which has already been extracted by the CLEO
collaboration. The predictions of our model for this and similar quantities are therefore
of some interest. In addition, the rare decays of heavy baryons, such as A, — A can
easily be treated in the framework that we have developed. Such processes, along with
their meson analogs, are used in searches for physics beyond the standard model. However,
the interpretation of the measured rates depend strongly on estimates of the form factors
involved (in much the same way that extraction of CKM matrix elements depends on the
form factors that describe semileptonic decays). Finally, if factorization, in some form, is
valid, the semileptonic form factors calculated in the dissertation may also be useful in the
description of nonleptonic weak decays.

It may also be possible to systematically improve the quark model used in the present
calculation. An obvious first step is the implementation of full symmetrization of the spatial
wave functions in the Sturmian basis, which would allow calculation of results for decays to
final state nucleons in this basis.

We also plan to modify and expand all our baryon spectrum codes to make predictions for
baryons containing quarks with three different masses. One advantage of this modification is
that it will allow us to examine the semileptonic decays of Z¢. This study will be interesting
as some of the Z¢ states have an antisymmetric (Ag-like) light diquark, while some have a

symmetric (Qg-like) light diquark [70].
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APPENDIX A

Wave Functions and Semileptonic Operators

A.1 A Baryon

As mentioned in the text, our wave functions are expanded in two different bases. For
the states of different spins and parities considered here, the expansions are given in this

Appendix. For Ag states with J© = 1/2%, the expansion reads

A A A
‘I’AQ,1/2+M = ¢AQ ( [771 Q@Doooooo(Pp, PA) + 1) Q¢001000(Pp, PA) + 773Q¢000010(Pp, P/\)] X’f/z(M)

A A
+ U4Q¢000101(pp;PA)X?/2(M) + 1757 [¢1ML0101(pp,PA)X§/2(M - ML)L/ZM
A
+ 167 [1a0,0101(Pps PA) XA 2 (M — ML)L/ZM
A
+ i (oo (P PAONS (M = M), ) (A1)
where [@DLManépmA (Pps PA)Xs(M — ML)]JM is a shorthand notation that denotes the

Clebsch-Gordan sum » ,, (JM|LMy, SM — Mp)¥ra,n,e,mae, (Pos PA)Xs(M — Mp).
For Ag states with J” =1/27 and 3/27, the expansion is

A
Uprg oM = &ng (771Q [©101,0100(Pps PA) X372 (M — ML)LM
A
+ 79 [P1ar,0100(Ppy PA)X 12 (M — Mp)] .,
A
+ ¢ [wlMLO()Ol(ppap)\)Xll)/g(M - ML)]JM) : (A.2)

where J can take the values 1/2 or 3/2.
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For A states with J” = 3/27, the expansion is

A A
Unga2tm = Paq <771 000101 (Pps PA)X3/2(M) + 052 [101,0101 (P PA) X370 (M — ML)]g/Q,M

+ :;\ [¢1ML0101(Pp7p/\)X1/2 (M = My) }3/21M
+ o [szLomo(ppapA)Xl/? (M = M) ]3/2,M
+ g [Vanr,0101(Pps PA) X5 /o(M — M) ]3/2,M
+ g [¢2ML0101(Pp7p/\)X1\/2 (M = My) }3/21M
+ e [szLoooz(vaPA)Xfﬂ(M B ML)]z/z,M) o

For JI = 5/2T, the expansion is

A A
Wags2tm = Paq (771Q¢1ML0101(pp>pA>X§/2(M) + 17 [Yanry0100 (Ppy PA)X5 /2 (M — ML)L)/Z’M

A
+ 032 [Yar, 0001 (Pps PA)XT o (M — ML)L/ZM (A.4)

A
+ T]4Q |:¢2ML0200(pp7p)\)X[1)/2(M - ML)] 5/2.M

A
+ n5° |:,¢}2ML0002(pP’ PAXT (M — ML)] 5/2 M)

No other states are expected to have significant overlap with the decaying ground-state Ag
in the spectator approximation that we use.

The wave function components for nucleons are different from those shown above, due
to the different (12) symmetry in the wave functions, and are shown below. For J* = 1/2F

nucleon wave functions are expanded as

Uniptm = OnN < (11 %000000(Pps PA) + 15 Y0010 (Pps PA) + 175 000010 (Pps PA)] Xi\/Q(M)

12 Yo00101 (P, pA)X’f/z(M) 4+ nY [¢1ML0101(ppa p)\)XT/z(M — ML)] Lo
név [@/JQMLOQOO(Pp,P/\)Xgm(M - ML)]l/ZM

+ [¢2ML0002(pp,PA)X§/2(M — ML)L/ZM) , (A.5)
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For JP =1/27 and 3/27, the expansion is

Unj-m = On (77{\[ [l/JlMLomo(Pp,PA)X’l)/z(M - ML)]
+15 (10,0001 (Pps PA)X3 /0 (M — ML)LM
g [¢1ML0001(Pp,PA)X1\/2(M — My)] JM) ) (A.6)

JM

where J can take the values 1/2 or 3/2.

A.2 ()g Baryon

The wave function components for states that we consider are shown here. These components
are valid for both the Qg and = states that are treated in this manuscript. For J© = 1/2%,

wave functions are expanded as

Q Q Q Q
‘Ifl/%ﬂw = ¢QQ ( [771 Q%ooooo(pm pA) + 1 Q@Doomoo(pm pA) + 13 Q%ooow(pp, PA)} Xi\/z(M)

(9] (9] 1/2
+ 14 “to00101(Pps pA)XT/Q(M) + 15 [%Mme(Pp, pA)Xll)/Q(M - ML)} o
Q 1/2
Mo [¢2ML0200(pp7p)\)X§/2(M - ML)L\;
Q 1/2
e [¢2ML0002(pp,pA)X§/2(M - ML)Lé > ) (A7)

For Qg states with J” = 3/2%, the expansion is

Q Q Q Q
‘Ifg/Qg+M = ¢QQ ( [771 Q%ooooo(Pp, p,\) T 1) Qwoowoo(Pp, pA) + 13 Qwoooow(pp; p,\) x§/2(M)

e 3/2

+ Ny [¢1ML0101(pp7p/\>X /g(M - ML)}M

+ ? [V201,0200(P), P/\)Xég/z(M - ML)}?\//[Z

- éz [201,0200(Pps PA) XY 2 (M — ML)}?\f

+ [¢2ML0101(Pp7P,\)X Jo(M — ML)}TV/IQ

+ 02 [tanr,0002(Pps PA) X5 /0 (M ML)]ZQ

+ [¢2ML0002(pp,pA)X1/2(M ML)]g/z) (A-8)

where [wLMangpnAgA(pp,p)JXS(M—ML)}X/[ is a shorthand notation that denotes the
Clebsch-Gordan sum ZML<JM|LML, SM — Mp)Vrnn,eonaes(Pps PA)Xs(M — My).
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For JP =1/27 and 3/27, the expansion is

Q0 J

Q
WSy = aq <771Q [1/11ML0100(Pp,pA)X’1)/2(M — ML)]M

0 J
+15 @ [¥180,0001 (P, PA)X??/Q(M - ML)}M

Q J
15 [Yrao00 (Ppr AN (M = M)] ) (A.9)

where J can take the values 1/2 or 3/2.

For JI = 5/2%, the expansion is

Q Q Q 5/2
‘115/%+M = ¢QQ (771 szMLoun(Pp, p)\)XT/Q(M — Mp) + 1y © [%MLozoo(pp, p)\)Xg/Q(M - ML)}M

0 52 Q 5/2
13 % [1h2n1,0200(Pps PA) X2 2 (M — ML)L\; + 1002 [V2nr,0002(Ppy PA) X5 /2 (M — ML)]AQ
Q 5/2
+ 052 [Y2r1,0002(Pp PA)XT 2 (M — ML)Lé ) (A.10)
For J¥ =5/27, the wave function is
Qq S 5/2
\DJ*M = ¢QQ [¢1ML0001(pp7 p)\)X3/2(M - ML)]M ) (A.ll)

No other states are expected to have significant overlap with the decaying ground-state

(2g in the spectator approximation that we use.
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APPENDIX B

Integrals in the SturmianBasis

Wave functions expanded in the Sturmian basis have been used by other authors in exploring
aspects of heavy meson phenomenology [33]. However, to the best of our knowledge, there
have been no prior applications to baryon phenomenology. We therefore believe that it is
useful to outline some of the steps needed in using this basis for calculations of the kind that

we present.

B.0.1 Integrals for Hamiltonian Matrix Elements

We begin by reminding the reader that, in coordinate space, say, the spatial wave function

components are written as

¢Lan£pnA€A (P, A) = Z(Lwamv OM — m>¢np€pm(p)¢m€xM—m()‘>a

m

with p and A as defined in the main text.

In the Sturmian basis, evaluation of the matrix elements of the non-relativistic kinetic
energy operator, as well as those of the parts of the potential that depend only on
Ty = |r; —1y|, are relatively straightforward, in the latter case because p = r15/v/2.
However, the evaluation of terms that depend on r13 or re3 is not as straightforward. To
illustrate the way in which such calculations are carried out, we consider the linear potential,
and examine the term

‘/llén =b |I'1 — I'3| = bT13. (B]_)
We begin by writing

1 1
_ +\/§>\)z CEN| = (0?4 2V3p - A+ 3N, B.2
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In the above, p' = p/v/2 and X' = /3/2X. The latter form is expanded in spherical

harmonics, yielding

B 1 p/l p/2 /\/2 . .
e 4”; (2 + 1) Vi1 ((21 +3) (20— 1)) (Yl(p) 'Ylw) (B:3)

for p’ < X, and a similar expression with p’ < A" otherwise. In this expansion,

(Mi(p) - ¥ih)) = D=0 ()Y, () (B.4)

m

Calculation of (ry3) then requires the evaluation of the matrix element (L'n},l\n)\I}[J1(p) -
yZ(S\)|anlpn Aly), which symbolically denotes integrations over the angles defining p and A.
This is done with the use of 6-J symbols, leaving integrals over the magnitudes of p and A
which can be done either numerically or analytically. For the potentials we use, all terms
can be handled analytically. Terms in the potential that depend on re3 are handled in a

similar manner.

B.0.2 Integrals for Current Matrix Elements

In order to evaluate the form factors in the Sturmian basis, integrals of the form

Vi (P) Ve, (P + ak) Y, (P)
0t ts /d3 > 3 \P) B.5
I P+ o)™ [(p+ak) +a?]” (B.5)

must be calculated. In the above, p represents an internal momentum conjugate to one of
the Jacobi coordinates (for these integrals, p,), while k is the momentum of the daughter
baryon in the frame in which the parent is at rest. The constant a = —2/3/2m,/my,,
with my, being the mass of the daughter baryon in the decay. The quantities V; (p) are the
vector harmonics, with ¢; o being the orbital angular momentum in the initial or final state,
respectively, while Yy, (p) arises from the Pauli reduction of the vector or axial current. For

simplicity we choose ¢, = {3 = 0, but this will still be sufficient to illustrate the method.
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With the use of Feynman parametrization, this integral is first rewritten as

oo _ 1 T+ nz 3 " 1 —2)" Y (p) Ve (p + ak)
i \/_ (n)T(n2) / / T a) + (=2 [(p+ak? + 7
_ (n1+n2) ! o | B
B \/_ (n1)I(n2) Jo ! /d

2" (1 —2)™7 1Y (p) Ve (p + ak)
p? 4+ 2a(1 —2)p-k+ a2k:2(1 —z)+ /(1 —2)+ a2x]”1+"2

1 Fn1+n2) ! 3
Vi I'(ny)l )/o dx/d

™ (1 — )"V (p) Ve (p + ak)
{[p—i—a(l—x)k] + a?k?x(1 — ) + a?x + 2(1 —x)}

ni+ngz’?

where the factor of 1/v/47 arises from one of the vector harmonics with ¢ = 0.
Defining
u=p-+a(l -2k (B.7)

and substituting into the integral gives

70.£0 _ 1 I n1 +n2 / /d3 21 — z)"2= 1Y, (u) Ve (u + azk) (B.8)
mene ar T(n [u? + a2k2x(1 — ) + a2z + [2(1 — 2)™ ™2 '

The angular integration can be performed after expanding the V,(u + azk) to give

r 1 n1—1+¢ 1— no—1
Tt =ad", (k)M/ dac/duu2 v (1—2) PR
n ['(ny)T(n2) Jo [u2 + a2k2x(1 — 1) + a2z + B2(1 — 2)]™ "™

Using

e u?m 1 C(m+1/2)T(n—m —1/2)
d = B.

/0 Yz A T A1 T(n) (B9)
in the above equation gives

I£1 na azyg <k> F(nl)F(nQ) F(n1 + nz)

! aM (] — )2t
- / d 22 2 2 ni+n2—3/2
o 2[a?k2z(1 —z) + o2z + [2(1 — 7)]
['(3/2)T'(ny + ne — 3/2) /1 " g (] gyme]
['(n1)T(ng) 0 2 [a2k2x(1 — z) + a2z + 32(1 — x>]n1+n2—3/2'

= aeyg (k)

This integral can now be written as a sum of terms J,*, with

1 rm
J E/O dr: - (B.10)

n
co + 1T + coa?)
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where

o= & =dk*+a®— 3% co=—-d’k’

Each of these terms can be then be integrated analytically to give the required matrix
element.
This procedure works as long as 2n > m. When 2n < m, the last integration leads to

logarithms. Such terms are expanded around k& = 0 before the form factors are extracted.
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APPENDIX C

Quark Model Form Factors

C.1 Form factors for Ay decay

The analytic expressions that we obtain for the form factors are shown in the following
subsections. The results shown are valid for single-component wave functions. We separate
the results obtained using the harmonic oscillator basis from those obtained using the

Sturmian basis.

C.1.1 1/2*,|100000 >

Harmonic Oscillator Form Factors

2 2
F1 — [H |:1_|_ TZ’U (OO\/_'_&)}’

Oé/\)\/ mq mQ
My a3 a3a3,
Fy = —ly|————
Mg ayy  day,meme
2
me Qs
Fy = —Iy—= X
mQ Oé)\)\/
2.2
asa
AXN
Oé)\)\/mme
My a3 aias, 12m?
Gy = g | ———+ 2 I+ — ’
mg axy  12mgmeasy ROV
my a3 m2a3a3,
Gg = [H —_— 1
mQ O[A)\/ mmeOé)\)\/

where

a3y = 2(ad + af), and m, is the mass of the light quark.
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Sturmian Form Factors

Fo= I [1+ Mg <ﬁ”+&)],

B \mg — mgq
B o= I [% By BB ]7
mg B 6mgmg
Bo— e O
mq G
6 i ]
8mgymg
mo— !/ 4m2 ! /
Gy — —]s[ B . UﬁAﬁ; n BB }’
mqﬁM/ 5mmeﬁ)\)\/ 18mme
Mo 4m? /
Gy = IS{ B n UﬁAﬁ; }’
mQﬁ,\X 5mmeﬁ)\,\,
where
(ﬂxﬁy)‘g/
Iy = B )

and By = 5(0x + 64)-
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C.1.2

Harmonic Oscillator Form Factors

where

Sturmian

where

Fy

Fy

Fy

G

Go

Gy

Fy

Fy

F3

G

G

1/27,]100010 >

1 m o3, a3
= ] 22— [ 2 (7a? —3a2) + 2
HQO‘%N {(% 2 30&,\' <mq( A ) mq

2 (103, - 30) )|

2 2
o?, a
= —Iy—2 (702 = 3a%) |m, — —2 ,
H6mqa§/\, ( A ’\) 7 4mg

2
N L (7a3 —3a3),

6mQCY§\>\/
2 2 2 2
ay — ay, asay,
= Iy (o 5 ) 4A>‘ (7a3 — 3a3) |,
205y, 72005y mgmg
2 2 22
asy, ay miay , o 9
= —[HW |:(70é§\ — 30[%\/) (mg + 6mQ> + mQ;2 (Of)\ — Oé)\/) s
[RSVY AN
2 2
asmMy Tmears,
= —Iy—2"7|(7a3 —3a3) — (a5 — a3,
4 A A 2 A A
6mQC()\>\/ mqa)\A/

Form Factors
1 2m,
— Tigp |- B - 20 (2500 - 3m) - 2o - 30|
_ 7 (58 — 30x) {% _ &]
n s 3mq ﬁ>\ 37TLQ ’
= Is—"— (50y — 36))
S6mQﬁ)\’ )
> ,
- [(ﬁzkﬁwﬁfl) - 5453% (56, =36 ”)] |
= —Is 3mqﬁ,\ [(55,\ —30x) + ngf:/ (Br — Bx) + 6M (55A —Bv)|
mey 4mo‘6)\’
= _IS3mQﬁx [(55,\/ —30\) — NN (Br — ﬁx)} :
\5/2
vi (3%




C.1.3

1/2-,]110001 >

Harmonic Oscillator Form Factors

where

where

Fy

Fy

Fy

G

G

Gs

By

Fy

Fy

G

Go

Gs

6

Q) 3 1
-2
mqg  MQ

2m a 2m2 o My
—]H|: o A + 02)\ N o )\2 (3ai_2ai/):|,
ax - 2mg mqayy  Gmgmasy
2m2a
Iy 2
mQOZM\/
2m, o Mgl
Iy [ -2y 5 (3a3 — Qa?\,)] ,
ay 6mg  6mgmgasy,,
2my, Qo o
I {_ AL 1 |
ay  2mg  3mg

3mg 2m,a3,,
= (200) ey e
H = xp | — — |
aiy 2m3, o3
7 B | 3 1
Y .
12 |myg mg
2m0 6/\)\/ 2m2 Mg
-1 — T — 56\ —368x)|
s { By 4m, | Buwma 12mme( )
2 2
[
maq B
2my Bon (uz
I . 116, — 56y)| ,
o [ By 12mg 36mme( O = 50, )}

2me B Bw my
.y — — — By,
5 [ B dm,  Gmg * 18mgmg (B = B )}
B o
I =3
SGmQ - 2my B (B IR




C.1.4 3/27,]110001 >

Harmonic Oscillator Form Factors

2 2
R 1o {1+ Mo (O‘N +&)}

Q) QY yr my mgq
3m2 a3, Banaz My,

Iy = —In 2 P
mg ayuay  4ay,,memg
3m? ),

F3 - _IH z 2 ;

Q)
Fy = Iy—,
mq
3m Q 3mya?,

G, = Iy o _ A 14 22 )|
o 2mg 2mgoy
3m2 a2 My rQ2,

G2 = —[H z 2/\ 7 ):1 (ozi)\/—i—lng) s
mg ayyay  4dmgmeay,,

2 2
O{)\ 8] ’ N,
Gy = Iy——5 |22 +3m2 + 22 (a3, +6m2)|,
mQasyy | 2 Mgy
2
(6% m Ay, Q)
SN A Ty

where
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Sturmian Form Factors

3 o o /
o= 20 {1+m (ﬁ—A+&)],
ﬁ)\ ﬁ,\)\/ my mg

3m2 ﬂ)\/ mMe
= -1 z — — 308\
h s [ my Bl dmomag (Bx — 30 )} ,
3m?2 /
Fg — _IS |: m, + ﬁ)\)\ :| 7
mQﬁM/ 4mQ
F4 = Is&a
QmQ
3ma 5)\)\’ me
Gy, =1 — D0\ — 238
1 s l 5 dmg + 60mme( B B )] :
3m2 B)\’ Mg 18m3ﬁ)\’
Gy, = -1 z — o508\ — 1108y —
2 5 [ my BaBan 60mme( O Bv) + 05, mgmg |’

1 3m2 / mMegPOx 18m3 /
Gy = IS_|: g+ﬁ/\x+ 5A+ 2(;6)\}7
meq ﬁ)\)\/ 4 5mq 75/\)\/mq
1 i ng ’
Gy = —Js— {5,\,\ n 5A}7
mg | 2 omy
where
5/2
BBy
o V2 ([AQ)
g = ——
3 s o |°
{1+§m; h 1
MAq Pax
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C.1.5 3/2+,]120002 >

Harmonic Oscillator Form Factors

o | D 3
F = —Ig=< ———],
2 |mg mg
o |[6ms D 6m?2 o
Py = Ig—e e 2% ;naoc,\ - 2moz,\ (a3 —2a3) |,
ay | ay 2mg  axymg 203, mgmg
Mgy 6m?
F3 = —IH— |:1 + B} U:| 5
mQ Oé)\)\/
2me
F4 = Iy—<,
mq
6m2  m m?
G = -1 g - T (11a3 — 603/ |
! H { a3 2mg * 6a§>\,mme( A A )]
6m2  5m, 2m, 503 2m2a3
G2 = ]H 2 - - 2 )
oy 2mgy  mqg  12mgmg  3aj,mgmg
m 52 m?
Gy = -1 z — A 7 ——(5a3 —2a3)) |,
’ i {QmQ 24mgmg 4mmeoz?W( A )
5 2
GA = —Ip—>8
6mgymeg

where

/ 1 (aAaA/)7/2 3m2 p?
H=— exp [ — g |,
VERNESY 2m3, a3y
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Sturmian Form Factors

1
F = ISmaﬂAA 15
28y |mg 3my
mo 6m0 55)\)\’ 6m2 My :|
F = _[ —_— — o o 5ﬁ _ ﬁ / ,
2 s ﬁ)\ |: ﬂ)\ 6mq B)\A,mQ 6mme( A )\)
me 18m2
F, = —1I , o
3 o Bamg [5)&\ - T ] :
2 '
Fi4 = Iq maﬁz\)\7
3mQﬁ/\
me [6ms  Biv My
G, = —-I—Z _ 'y
' Sﬁ)\ |:ﬁ,\ 6mQ+6mme( ﬁ>‘ 6>\):|7
ﬁAX 6m2 5ma ng B)\A/
G = I g _ o 5 ,
’ ° Br BB 6my  3mg + 72mme( O+ Bx)]
O m; Bav
o= e~ o g 0P~ By 5 )|
2
% 36mgmo (B +55),
where
/
BrBy
Jo — V6 ( B )
S5
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C.1.6 5/2+,]120002 >

Harmonic Oscillator Form Factors

where

£y

Fy

G

G

Gy

Gy

3m3.06/\/

3m?2 me (a2, o
2 (2]
O‘ O‘/\/\/ Mg  MQ
m?2 3m,as, 1
—Iy Mo [ mQOéA — (83 + 7a3))| ,
qu‘,\,\/ ay 4mg
- 3
_7, e {H Mg }
mQ Of)\)\/
2my
[H n )
mq
3m2  m, m?2
Iy { 5~ — —(8aA+ 1504,\/)} ,
o mg  12mgmga3,,
m2  [3mya2 1
—Ig—2 [ 2 (8a3 + 3a3) +
MgQry 3/ oy 12mg
My 3m2  mya?, 6m2
izt ()
mQ Oé)\)\/ quZA)\/ Oé/\)\/
g, e {1 %a}},
mQ mq Oé)\)\/
; 1 [ anay 72 3m2  p?
= — ex - )
H 2\ a2, P\ 7om2 Y
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Sturmian Form Factors

R L [1+ Mg (ﬂ*'+&)],

ﬁi B my mgq
2 , 13 .
F, = —]smaﬁ; {m - by :|7
myBy LB 2mg
My 9m?
Fy, = —1 / g
3 5 SmaD [ﬁAA + ﬁ,\x} ,
2mg B
P =
4 S3mQ ﬁ)\’
3 2 o / > oM\
Glzlg[ﬂz“—m (ﬁA)\_'_mﬁ)\)}’
ﬁ/\ mQﬁA 3 14mq
G o~ ] m3 By {37% B 8m }
? quﬁx,\'ﬁx B l4dmg — 3mgfn ]’
my B 3mZ  mgfy (2 8m? )}
Gy = I + ey S+ )],
3 SmQﬁ,\ |: 3 ﬁk)\’ mq 7 36)2\)\/
2ms | B 2mg By
Gy = —I Py
' %J%+mm’
where
(ﬂxﬁy>7/2
Is= -3 Bax

[1 3 mg p? }4'
+ 35 2

2
2 mAq Y

C.2 Form factors for (), decay

In this section, we present the analytic expressions we obtained for the form factors, assuming
single component wave functions. For most of the J¥ we treat, there are usually more than
one example of the state: the exception is 5/27, for which there is a single state up to N = 2.
We therefore distinguish among the different states with the same J¥ by presenting their
quark model quantum numbers, in the notation |Ig, L, n,, ¢, ny, £, >. Here Ig takes values
between 1 and 3, with 1 denoting total quark spin 1/2, with spin wave function of type x,,
2 denoting total quark spin 1/2; with spin wave function of type x,, and 3 denoting total
quark spin 3/2.
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C.3 HQET Quark Model Form Factors
C.3.1 1/27, j=0
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C.3.7 5/2F, j=2

Harmonic Oscillator Form Factors

m? me (a3 a?
F = —gIH[H - (—A+—*>}
Oé)\ OéA/\/ mq mQ
1/ 1 2 203,
- a2 ]
6 \mgy mg MOy Oy y/
2m? Mgy 202, a? Mg
By, = [H{——Q"[H{l . ( 2 +—A>}+—
aj 205, \ Mg mq 6
Mg 1 1
o= -l ().
3 mg Mg
My My «
6= ey ()
Q) Q) QmQ
m3062/
GQ - - 0’2 )\2 [Hu
Mgy 2m, Myl o
o - (g ) )
Q) Q) 2mqas,y, 2mg
4my, 1
G4 - maIH <_ B +_>7
ax mq

where
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Sturmian Form Factors
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o 11
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903, mg Mg
me me ﬁ)\/\’
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Gy = —I 1+ - 20
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G, = s — + 22 )
: B S( By 3mg
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C.3.8 5/2t, j=3

Harmonic Oscillator Form Factors

2 2 2
m me [ Q3 «
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Sturmian Form Factors
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APPENDIX D

Hadronic Tensor

The hadronic tensor for these semileptonic decays takes the form

Hul/ = _aGMV + 6++(p +p/)u(p +p/)l/ + 5+— (p +p/)u(p - p,)u
Ber(p=1)ulp+ 1) + B—(p = P)ulp = P)

_l’_
+ Yeupe(p+ 1) (p—1)°.

The forms of the terms «, f+4+ and v for the different final states we consider are given in

the subsections below.

D.0.9 1/2+
a(l1/27) =2 {[(mBQ — mBq)2 — P FE+ [(mp, + mBq)2 — q2]G%} , (D.1)

By (1/2%) = ) (AyFiFy + AjjGiGy), (D.2)

ij=1
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with

Az
Ay
Ay
Aly
A

/
A31

D.0.10 1/2~

a(1/27) = 2{[(mp, + ms,)* — 1F} + [(mp, —ms,)* — ]G},

Ail - 2,

o2 [(mBQ + mBq)2 - QQ],
Bg

o2 [(mBQ + mBq)2 - qg];
Bq

1
mBQ
1

mBQmBq

(mBQ + mBq),
[(mp, +mp,)* — ¢,

m—Bq(mBQ + mBq)7

1
QmQB [(mBQ - mBq>2 - (]2],
Q
1
2m3,
1
mBQ
1
mBQmBq
2

m—Bq(mBQ - mBq)>

[(mp, —ms,)* — ¢,

(mBQ - mBq )7

[(mp, —mg,)* — ¢,

")/(1/2+) = 4F1G1.
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with

3

Ber(1/27) = Y (A FiF; + AjGiG),

A31
A/22
Ay
A/12
Ay

/
A31

1,7=1

1

2m2 [(mBQ - mBq)2 - q2]’
Bq

5 [(mBQ - mBq)2 - q2],

1
o (mpy, —mg,),
1 2 2
m[(mBQmBq) - q],
2
m—Bq(mBQ —mp,),
1

W[(mBQ + mBq)2 - q2]7
Bq

2m2 [(mBQ + mBq)2 - qz]’
Bq

1

mBQ
1

mBQmBq

(mp, +mg,),
[(ms, +ms,)* = ),

—(mp, +m
mBq( Bg Bq)a

’7(1/2_) = 4F1G1.
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D.0.11 3/2"

a(3/27) Z (By;FiFj + Bj;G,G;), (D.7)

where Y’ = 3mj_m% , and the non—vamshmg coefficients are

Bin = Xl[(mp, +ms,)’ — ¢,

By = 4mp, miy [(mp, +mp,)* — ¢°],
Biy = By =mp,mp[mp, — 2(my, + ¢")mp, + (mp —¢*)?,
By, = X[(mp, —mp,)* = ¢,
By = 4mp mg [(mp, —mp,)* ¢,
4
Bra3/2) = 3 G(AGRE, + 4,G.G,), (D8)
ij=1

where YV = 127)/),%@771%{17 X = (mZBQ + szq _ q2)2 — 47’)’L2BQ’ITLZBQ7 and the Aij are

Ay = A= 4Xm%@m23q,

Ay = XmQBq [(mp, + mBq)2 - ¢’

Az = Xm2BQ [(mpg, + mBq)2 -7,

Ay = 4m%Qm%q[(mBQ +mp,)” — ¢*,

Ap = 4XmBQm2Bq(mBQ +mp,),

Agz = 2X'mp,mp, [(mBQ + mBq)2 — ¢,

Ay = 4XmQBQmBq(mBQ +mp,),

Ay = —8m?]3QmQB [mBQq2 — (mp, —ms,)(Mmp, + mg,)?],
A = dmip,miy [(mp, +ms,)” = ¢*|[mp, —mp, — ¢,

(mpg +mp,)* — QQ][WQBQ —mp, — ],

|
[

A34 = 4mBQmBq
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Ay = Xmy [(mp, —mp,)? - ¢*],

Ay = Xmp [(mpy —mp,)* — ¢°],
Ay = dmp,mg [(mp, —mg,)* — ¢,
A, = 4XmBQmQBq(mBq —mp,),
Ay = 2Xmpymp,[(mp, —mg,)’ — ¢,
Ay = 4Xm?3QmBq(mBq —mp,),
Ay = 8mp, my [mp,q® — (mpy +mg,)(mp, —ma,)?,
Ay = dmp,my [(mpy —mp,)” — ¢|[mp, —my, — ¢,
Ay = dmp mp,[(mp, —mp,)* — ¢*)[my, —mp, — ¢,
v(3/27) = m{[(m% —mp,)’ — ) (FiGsmp,mp, + FiGi[(mp, + mp,)* — ¢’])
+ F4G4m2BQm2Bq + F4G1mBQmBq[(mBQ + mBq)2 —¢*]}. (D.9)
D.0.12 3/2*
4
a(3/2%) = Z (B FiFj + Bj;G,G;), (D.10)

where the non-vanishing coefficients are

By = X[(mBQ - mBq)2 - q2],
By = 4m2BQmQBq[(mBQ - mBq>2 =l
By = By =mp,mg, [m%Q - 2(m2Bq + q2)m23Q + (m%q — )],

Bil = X[(mBQ + mBq)2 - q2]7

Bl = 4mp,mp [(ms, +ms,)" = ¢,
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4
By(3/27) Z (Aij FiFj + A;jGiGﬂ')’
ij=1
2

where Y = 12mp my , X = (m}, + my, — ¢*)° — dmp, m% , and

Ay
Ay
Al
Aly
Ay
Ay
Ay
Ay
Ay

v(3/27) =

Al = 4Xm2BQm%q,

Xm3 [(mp, —ma,)* — ¢,

Xmip, [(mp, —mg,)* — ¢,

4mp mp [((mp, —mpg,)? — ¢%,

4XmBQmQBq(mBq —mp,),

2Xmp,mp,[(mp, —ms,)’ — ¢°],
4XmQBQmBq(mBq —mp,),

8m%QmQBq[mBQq2 — (mp, +mp,)(mp, — mBq)2],
dmi,my, [(mp, —ms,)* = ¢lmy, —mp, — ¢,
Amp, mp,[(mpy —msp,)* = ¢*|[mp, —mp, — ¢,
szBq[(mBQ + mBq)2 — qQ],

Xm%@[(mBQ +mp,)* — ¢*,

4m4}3QmQBq[(mBQ + mBq)2 - q2],

4XmBQm%q(mBq +mp,),

2Xmp,mg,[(ms, + mg,)” — ¢*],
4XmQBQmBq(mBq +mp,),

—8mip, mp, mp,q* — (mp, —mp,)(mp, +mz,)’],

Amp,mp, [(mp, +ms,)* — ¢'llmp, —mp, — ¢],

dmy mp, [(mpy +mg,)” — ¢|[my, —m%, — ¢,

3m2 m?2 {{(mp, + mBq)2 - 92](F1G4mBQmBq + F1G1[(mp,
Bq

+ F4G4mQBQmQBq + F4G1mBQmBq[(mBQ - mBq)2 - qg]}-
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D.0.13 5/2%

4

1
a(5/2%) = Z ?QX(Bisz‘Fj + Bz{jGiGj)’

3,j=1

where the non-vanishing coefficients are

Bll
B44
B14
By,
Bl

X[(mBQ - mBq>2 - q2]7
3mQBQmQBq[(mBQ + mBq)2 — q2],
By, =2Xmp,mp,,

X[(mpg +mg,)* - ¢,

3mipmi, [(msg —ms,)* = ],

4
1 /
Bea(5/27) = > yl(AijFiFj + A4, GiGy),
2,j=1

6

— 6
where Y = 80mp, mp, , and

LAY 22
Ay =4X"mp, m

By

X*m% [(mp, +ms,)” — ¢,

X2szQ[(mBQ + mBq)2 — %,

Amy,mi, [(ms, +mp,)* — ¢*lq" — (2mip, +mp,)q* + (mp,

2 2
4X *mpymy, (mp, +mp,),

2X2mBQmBq[(mBQ + mBq)2 — %,

2,9
4X my mp,(mp, + mg,),

—8X77”L?]’3Q77”L2Bq[mBQq2 - (mBQ — mBq)(mBQ + mBq)Q],

2 2]
)

AXmp,my [(mpg +mp,)* — ¢’|[mb, —mb, —q

AXmy mp,[(mpy +mg,)? — ¢’|[my, —mp, — ¢,
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A/22 =
Ag:s =
Aim =
A/12 =
A/23 =
Agl =
A/14 =
A’24 =
AZ‘M =

1(5/27)

X?*m% [(mp, —ms,)* — ¢7],
X*mi, [(mpy —mp,)* — 7],
4mp m%, [(mpg —mg,)? = ¢*lg* — (2mp, +m3p ) + (mh,
4X7? mBQmBq(mBq —mp,),
2X2mBQmBq[(mBQ — mBq)2 — %,
4X2mZBQmBq(mBq —mp,),
8XTrL‘?9Qm2]5,q[mBQq2 — (mp, +mp,)(Mmp, — mBq)Q],
AXmp, mp, [(mpg —ms,)* = ¢’][mp, —mp, —q

4Xm3BQmBq[(mBQ —mg,)* — q2][mBQ —mp, — ¢

my, — 2my, (g, +¢%) + (mp, +q

1 4 4
Omp,myp,

+ FyGimp,mg, [(mBQ - mBq)2 - QQ}

[(mp, +mp,)* — ¢°] <F1G4mBQmBq + Gy [(mBQ —mp,)” — qQ} )} .
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APPENDIX E

Constructing Higher Spin Representations and Quark
Matrix Elements

It is necessary to construct explicit representations for the spin-3/2 and spin- 5/2 baryons

that we treat. In the case of the former, the vector-spinor field u®(p’, s’) must satisfy
pLut(p,s) =0, yu*(p,s) =0, pur(p,s) = mAés/z)u“(p',s’). (E.1)

A suitable representation can be constructed by using the usual Dirac spin-1/2 spinors,

together with the ‘polarization’ vectors €,(p’, s,). These vectors satisfy

p/ﬂe“(p/,sz) =0, EZ(p,, s.)e'(p,s)) = =05, s (E.2)

Our representation of the spin-3/2 Rarita-Schwinger vector-spinor w,(p’, M) is given by
the Clebsch-Gordan sum

u(p M) = Y e, (p,mu(p’, M —m)(3/2M|1m,1/2, M — m). (E.3)

m
This satisfies all of the conditions required.

A representation of the spin-5/2 spinor u®’(p/, s) can be constructed in a similar way,
but there are two additional constraints that must be satisfied. The first is that the spinor
must be symmetric in its Lorentz indices, and the second is that it must be traceless when

the two indices are contracted, i.e.
ul(p',s) = 0. (E.4)

Such a representation can be built in one of two ways. We can use the previously constructed

spin-3/2 spinor, and the vector €, to write

U (p's M) = zzﬁu(p',m)uy(p'7 M —m){5/2M|1m,3/2, M — m). (E.5)

m
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Alternatively, we can first construct a spin-2 tensor A, from two of the € vectors as

A, M) = Zeu(p',m)ey(p',M —m)(2M|1m, 1, M — m) (E.6)

m

The symmetry properties of the Clebsch-Gordan coefficients guarantee that this tensor is

symmetric in its indices. The spin-5/2 spinor is then
(', M) = > A (pf, m)u(p', M —m)(5/2M2m, 1/2, M — m). (E.7)

These two representations are equivalent, but the manifest symmetry of the second repre-
sentation allows us to see the symmetry in u,, in an obvious way.

The conditions
pau’ (', s') = ppu? (1, 8') = 0 (E.8)
are clearly satisfied, since each vector e satisfies p’' - e=0 (and the second equality also follows

from the symmetry in the indices). It is easy to check that the auxiliary conditions

Yo (P, 8') = pu’ (1, 8") = 0 (E.9)
are satisfied, as are
PuP(p',s) = mASf/z)uo‘ﬁ(p', s'). (E.10)
The traceless condition
Gapu®P(p',s') =0, (E.11)

is less obvious, but follows from the tracelessness of A,,. This, in turn, follows from the

symmetry properties of the Clebsch-Gordan sum in A,,, and the properties of the € vectors.
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